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Heretofore, 


only 5 to 10 percent. 


radiochemical yields of sugars position-labeled with carbon-14 have been 
This paper reports an improved eyanohydrin synthesis, and the 


preparation of p-glucose-1-C™ and p-mannose-1-C™ from p-arabinose in yields of about 50 


percent, 


Low yields in prior syntheses appear to have been due to seve ral inefficient steps, 


and to the fact that extension of the carbon chain yields a pair of epimeric sugar derivatives, 


the proportion of which may not favor the desired epimer. 
synthesis of glucose from p-arabinose only 30 percent of the product goes to the 
To increase the yield of glucose, a systematic study was made of the proportions 


epimer, 


of the epimers formed from p-arabinose under a variety of conditions, 


In the classical eyanohydrin 
gluconic 


It was found that 


the ratio of the epimers depends upon the conditions under which the reaction of the sugar 


with evanide takes place. 
bonate and carbon dioxide, 
nitrile, 


1. Introduction 


Recognition by chemists, bacteriologists, and 
biologists that radioactive carbohydrates provide a 
tool for attacking many unsolved problems has led 
to a demand for sugars position-labeled with carbon- 
14. To meet the need, the Bureau, under the sponsor- 
ship of the Atomic Energy Commission, has under- 
taken a program for the production of C'-labeled 
including the development of methods of 
synthesis. 


sugars, 


Previously, Sowden [3],' using the nitromethane 
method of Sowden and Fischer [4], prepared high- 
activity 1-C™-labeled glucose and mannose in yields 
of 7 and 10 percent, respectively, based on the 
nitromethane used.? 
|5| obtained 1-C'labeled glucose and mannose in 
over-all vields of 5 and 7 percent, respectively, but 
he could not crystallize the products without the use 
of carriers. Koshland and Westheimer [6] used the 
Fischer-Kiliani cyanohydrin synthesis [7] to pre- 
pare a low-activity p-glucose-1-C™ in radiochemical 
vield of 10 percent. They susbstituted the catalytic 
reduction of Glattfeld and Schimpff [8] for the classi- 
cal sodium amalgam reduction, and used carrier 
techniques in the separation of both the delta lactone 
and the free sugar. 

Thus, the history of the application of either the 
nitromethane or the cyanohydrin synthesis to the 
production of high-activity sugars appeared dis- 
couraging. From experience in the preparation of 
various rare sugars [9], it seemed probable that the 
low vields in the cyanohydrin synthesis were due, 
in part, to the use on a semimicro scale of techniques 
developed for macro preparations. A careful study 
was therefore made of the cyanohydrin synthesis, 
beginning with p-arabinose, and each step was 
eens 


* Presented before the Biological Section of the ose Congress of 

v and Applied Chemistry, New York, N. Y., Sept. 13, 1951 [1, 2 
Figures in brackets indicate the literature references at the end of this paper. 
A recent AEC report by Rappoport and Hassid (AEC U-1333, 1951) describes 
eparation by the nitromethane method of 1-C'*-L-arabinose in 3-percent 


By the same method Mahler | 


Thus, p-arabinose and cyanide, in the presence of sodium bicar- 
vield about three parts of mannonic nitrile to one part of gluconic 
but, in the presence of sodium carbonate the proportion is approximately reversed. 


moditied for efficient operation at the millimole 
level. The various steps follow and are discussed in 
section 2: 


p-Arabinose 


(1) }evyanohydrin reaction 


RCH.OH.CN (epimeric nitriles) 
(2) | hydrolysis 
RCH.OH.COOH (epimerie acids) 


(3) [separation of epimers 


* * 
RCH.OH.COOH RCH.OH.COOH 
(Gluconie acid) (Mannoniec acid) 
! ! 
(4) | lactone formation 
| 
(5) | NaHg, reduction 


| . 
4) |lactone formation 


(5) | NaHg, reduction 


(6) | crystallization 


(6) Te 


1-C™ Mannose-1-C 


Glucose- 


2. Discussion of Steps in the Cyanohydrin 
Synthesis 


2.1. Condensation of D-Arabinose With Cyanide 


Ordinarily the reaction of the aldose with the 
cvanide (step 1) is carried out on a macro scale with 
an excess of cyanide, in order that equilibrium con- 
ditions may favor the cyanohydrin. Militzer [10] 
has shown that combination of an aldose with cy- 
anide under these conditions is essentially complete, 
but it remained to be demonstrated whether such 
combination could be accomplished in high degree 
with stoichiometric proportions. In a series of con- 
densations with various quantities of cyanide, it 
was shown by titration of the excess cyanide that 
the condensation is nearly quantitative under a 
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variety of conditions. Studies included the reac- 
tion of sodium cyanide in the presence of calcium 
chloride [11], ammonium chloride [12] or various 
quantities of sodium carbonate and bicarbonate. 


2.2. Hydrolysis of Cyanohydrins 


The low vields reported in the literature for the 
products isolated from the eyanohydrin synthesis 
might be due to a partial reversal of the condensation 
reaction during hydrolysis. As the eyanohydrin on 
heating in alkaline solution yields ammonia, and 
the inorganic cyanide is not appreciably altered, 
completeness of the reaction could be judged by the 
ammonia evolved. It was found that the eyano- 
hvdrin from p-arabinose gave a nearly quantitative 
yield of ammonia, and hence there must have been 
no appreciable reversal. 

The conditions of hydrolysis used by prior workers 
have been sufficiently drastic to cause deterioration 
of the product. Hydrolysis of the eyanohydrins 
from p-arabinose was found to take place satisfac- 
torily under much milder conditions than were for- 
merly used. It is conveniently effected by heating 
the cyanohydrins in sodium carbonate solution at 
60° C for several hours with aeration and con- 
centration of the solution. This procedure gives a 
nearly colorless product and avoids the decomposi- 
tion that occurs at higher temperatures. 


2.3. Partial Control of Epimeric Proportion and 
Separaticn of D-Gluconic and D-Mannonic Acids 


Certain evidence has indicated that the propor- 
tion of the epimers formed in the eyanohydrin 
synthesis depends, in part, on the conditions under 
which the reaction takes place. Thus, in the con- 
densation of mannose with HCN in the presence 
of ammonia, Fischer obtained 87 percent of a- 
mannoheptonic acid [13]* but none of the beta 
isomer, However, the use of sodium cyanide in the 
presence of either caleium chloride [14] or barium 
chloride [15] led to the separation of substantial 
quantities of 8-mannoheptonic acid. Partial con- 
trol of the epimeric proportions is highly desirable 
in the synthesis of the labeled sugars. Consequent- 
ly, the condensation of p-arabinose with cyanide 
was studied under a variety of conditions, and the 
proportions of gluconic and mannonic acids formed 
were estimated. The results, reported in section 
3, showed that the ratio of gluconic acid to man- 
nonic acid may be varied from 72:28 to 30:70 by 
alteration of experimental conditions. In fact, radio- 
chemical yields as high as 70 pereent of barium 
rluconate or 67 percent of mannonic lactone have 
Sonn obtained. The ability to control the propor- 
tions of the epimeric acids over a wide range makes 
possible the production of the desired acid in pre- 
dominating yield and greatly facilitates the separa- 
tion of the epimers. For the separation of the acids, 
advantage was taken of the fact that mannono-y- 
“T The use of sodium carbonate-bicarbonate and ammonium carbonate-bicarbon- 
aie buffers in the cyanohydrin synthesis has been under investigation at the 
Kureau for some time. The results obtained with various sugars will be con- 


sidered in detail in a forthcoming publication. 
* p-Glycero-ptalo-aldoheptonic acid 


lactone crystallizes more readily than either of | 
lactones of gluconic acid, and the fact that gluco 
acid forms a crystalline barium salt ® whereas m; 
nonic acid does not. In preparations designed yp. \- 
marily for the production of mannose, manno) 
lactone was crystallized directly from the mixty 
of crude epimerie acids; in preparations designed |p 
the production of glucose, gluconic acid was sep.- 
rated first in the form of the barium salt. 


2.4. Lactonization of D-Gluconic and D-Mannonic 
Acids 


Reduction of aldonic acids to the corresponding 
aldoses takes place through the lactone and not 
through the free acid. Consequently, the sugar 
acid must be converted as completely as possible 
to the lactone before reduction. The gluconic acid 
equilibrium involves complex condensation prod- 
ucts, as well as the delta and gamma lactones. 
Both of the lactones as well as the free acid erys- 
tallize readily [17]; and the product obtained 
depends upon temperature, solvent, concentration, 
and the presence of seed crystals. Experiments 
showed that the delta lactone, on reduction with 
sodium amalgam, gives the sugar more readily 
than the gamma lactone, and that crystallization 


| of the delta lactone can be effected satisfactorily 


| 


by slow concentration at room temperature of a 
methyl cellosolve solution of the gluconic acid-lactone 
mixture. By this procedure, glucono-é-lactone js 
obtained from barium gluconate in substantially 
quantitative yield. In some experiments the erude 
crystalline lactone was reduced with sodium amalgam 
without previous separation, and p-glucose was 
obtained in vields as high as 83 percent. For the 
preparation of pure glucono-d-lactone-1-C", the 
crude lactone was recrystallized from methyl cello- 
solve by the addition of ether. The conditions for 
the formation of mannono-y-lactone are not critical, 
and satisfactory crystallization can be obtained by 
concentration of a solution of the epimeric acids with 
methanol, methyl cellosolve, acetic acid, or other 
organic solvent in the presence of seed crystals. In 
experiments designed for the production of mannose, 
mannonic lactone seyaniliined in satisfactory vields, 
nearly free from gluconic lactone. Reerystallization 
from hot isopropanol gave a substantially pure 
product. 


2.5. Sodium Amalgam Reduction of D-Gluconic and 
D-Mannonic Lactones 


The lactones of aldonic acids are reduced satis- 
factorily to sugars by sodium amalgam only in 
mildly acid solution. To maintain this condition, 
it is customary to test the solution frequently and 
to add acid Y ewree nd as the reaction proceeds 
(7b, 9, 18). eduction on a millimole scale in a 

$5 In a recent communication, Hudson [16] reported the preparation of barium 
L-gluconate in 50-percent yield from L-arabinose, and noted that the method of 
cyanide addition affects the proportion of the epimers formed. The presen! 
paper, including somewhat similar work on the p-modification, was complete! 
and reported in abstract, [1, 2], prior to the appearance of Hudson's commu: 
cation. 
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d system requires an entirely different technique. 
oriments at the Bureau over the course of several 


: have shown the practicability of maintaining | 


ehtly acid medium for the reduction by the use 
in excess of a difficultly soluble, solid organic 
or acid salt. As the sodium amalgam reacts, 
acid dissolves and maintains an approximately 
stant pH. The buffering agent and conditions 
ng maximum vield of sugar vary with the lactone 
loved. Sodium acid oxalate with a small 
atity of amalgam has been found to be most 
sfactory for the reduction of glucono-é-lactone, 
| benzo acid with a large quantity of amalgam 
the reduction of mannono-y-lactone.6 With 
improved procedure, glucono-A-lactone 
wed to glucose in yields of 85 to 90 percent by 
ilvsis, even when the quantities of lactone were 
small as 1S mg; mannono-y-lactone was reduced 
, mannose in vields of 75 percent. The efficiency 
of the reaction was due in part to the development 
of an amalgam of uniform composition that could 
conveniently handled in small quantities without 
indue contamination from the atmosphere. 


2.6. Crystallization of a-D-Glucose and a-D-Mannose 


The procedure for separating the sugar formed by 
sodium amalgam reduction. depended in part on the 
acid used as a buffer. In preparations in which 
benzoic acid was used, sufficient oxalic acid was 
added to convert all sodium present to sodium acid 
oxalate. The benzoic acid was removed by extrac- 
tion with chloroform. The aqueous solution, which 
contained the sugar, oxalate, and small amounts 
f aldonie acid and poelyhydric alcohol, was con- 
centrated, and most of the oxalate was precipitated 
by addition of methanol. After removal of the 
solid oxalate by filtration, and of methanol by 
evaporation, the aqueous solution was deionized by 
means of ion-exchange resins, and Lyophilized (freeze- 
dried). The sugar was erystallized by the addition 
of methanol-isopropanol mixtures in the presence 
of seed crystals. In preparations of radioactive 
sugars, one crop was separated directly from the 
sirup; the residual labeled sugar was removed from 


the mother liquor by several successive crystalliza- | 


tions in which either inactive or weakly radioactive 
sugar Was used as a carrier. ® 

Various solvents have been used successfully in 
the crystallization of a-p-glucose and a-p-mannose. 
Crude sugars crystallize more readily from acetic 
acid than from the methanol-isopropanol mixtures 
recommended here. However, acetic acid is some- 
what objectionable, since unremoved traces of acid 
may cause gradual discoloration of the final product. 
Care must be used in conditioning the ion-exchange 
resins, because extraneous material removed from 
the resins sometimes inhibits crystallization of the 
product. ; 

It will be seen from the yields given on page 170 


that, for the production of p-mannose, the cyano- | 


se conditions were determined in an investigation of the sodium amalgam 

tion under a variety of conditions. In the course of the work numerous 
s and methods were studied. The results will be reported in a forth- 
paper, 


was | 





hydrin reaction employing the sodium bicarbonate- 
carbon dioxide buffer should be used; if glucose is 
desired, either the calcium chloride or the sodium 
carbonate method is preferable. With commercial 
C-labeled sodium cyanide containing excess sodium 
hydroxide, the sodium carbonate method appears to 
give a slightly higher over-all yield of glucose and 
mannose than the calcium chloride method and does 
not require removal of chloride ion.’ 


3. Experimental Details 


3.1. Study of the Condensation of D-Arabinose with 
Cyanide under Diverse Conditions 


a. Establishment of the Completeness of Reaction Between 
Stoichiometric Quantities 


To ascertain the completeness of the reaction of 
p-arabinose with cyanide under conditions that 
might prove useful for the preparation of labeled 
sugars, mixtures such as those given in table 1 were 
prepared and allowed to stand in sealed tubes at 
20° C for 48 hours. The tubes were then opened, 
and the residual cyanide was titrated with silver 
nitrate by the method of Dénigés [19]. The results, 
expressed as percentage of cyanide reacted, show 
that combination of p-arabinose with cyanide is 
substantially complete under the conditions used. 


Completeness of reaction of stoichiometric quantities 
of p-arabinose and cyanide 


TABLE 1. 


Cyanide 


Content of reaction mixture in 5 ml combined « 


Millimoles Percent 


vw 0 


p-Arabinose 
aCN 


Cat ‘h 
b-Arabinose 


NaCN 


NaHCO; 


* Based on the determination of unreacted cyanide. 


b. Determination by Means of Optical Rotation of the Proportions 
of p-Gluconic and p-Mannonic Acids Formed 


As the evanohydrin reaction is substantially quan- 
titative under the conditions used, and the optical 
rotations of sodium gluconate [20] and sodium man- 
nonate [21] differ widely, the optical rotations of the 
mixtures of sodium salts prepared from the cyano- 
hydrins may be used to estimate the proportions of 
gluconic and mannonic acids present. In order to 
study the epimeric proportion under various condi- 
tions, the cyanohydrin reaction mixtures given in 
column 1 of table 2 were prepared. After 40 hours 
at 20° C, the inorganic salts listed in column 2 were 
added to give each mixture the same inorganic salt 
content. Hydrolysis was effected by digesting the 
solutions on the steam bath for 4 hours with reduc- 
tion in volume by use of an air current. After 
filtration, the solutions were diluted to 25 ml and 


? Limited supplies of 1-C'+-labeled glucose, mannose, barium ;Juconate, glu- 


| cono-é-lactone, and mannono-y-lactone are now available to qualified investigators 


and may be purchased from the National Bureau of Standards upon authoriza- 
tion by the Atomic Energy Commission 





measurements of optical rotation were made. The 
specific rotations of sodium gluconate and of sodium 
mannonate were determined in solutions containing 
the same concentrations of inorganic salts as those 
present in the above experiments. These values 
were used to calculate the compositions of the mix- 
tures from their optical rotations. 


Tante 2. Proportions of qluconic and mannonic acids formed 
in the cyanohydrin agnthesia under various conditions 


Katio 
ghiconate 
manthonate 


“alte ached 


Keaction mixture (millimole 


a 
(ret iimoles tn 460ml lalp 


Cal 

Niel 
NalhtCo 
Naayt Oy 


fir Arabsitiose 0 
"NaN 


NOCH 
Nall oO 
Nato 


\" Arabinow 
Hii NaN 

ke ly 
Cal 
Niel 
Nag O) 


ty Aralbvitione 
Hthi NaN 
INaHCO, 


Cath 
NaHCO, 
Nat Oh 


\" A raabbitvcnw 
IViNaCN 
INTC 


Cath 
Niel 
Nagt (Oh) 


» Arabinose 


Control experiments 


Modinm ghiconate 
Cath 

Nitel 

Nag O, 


Sodium mannotiate 


Nag Oy 





* Based on the weight of the sodium salts of the aldonic acids and assuming 


mm ~— conversion. Volume of solution, 25 ml 
* For manner of addition, see p. 168 


3.2. Isolation of Aldonic Acids from the Cyanohydrin 
Reaction 


a. Mannono-y-Lactone 


In order to determine the vields of barium glucon- 
ate and mannono-y-lactone obtainable with various 
procedures, reaction mixtures similar to those of ex- 
periments | to IV of table 2 were prepared on an 8- 
millimole basis. Each solution was diluted to 100 
ml and, after standing for 48 hours, was hydrolyzed 
by heating for several hours under reduced pressure 
at 50° C while the volume was kept approximately 
constant, and then by heating for | hour on the steam 
bath. The resulting solution was passed through 
a column (1.442 em) of cation exchange resin.’ 
The column was washed, and the effluent was con- 
centrated under reduced pressure to a thick sirup, 
which was seeded with p-mannono-y-lactone and 
allowed to stand at room temperature. Crystalline 
mannonic lactone separated overnight from the 
sirups of experiments III and LV; it separated more 
slowly from the sirups of experiments | and II, in 
which the proportions of the mannonic epimer were 


* Amberlite IR 100, analy tical grade, Resinous Products Division of Rohm and 
flaas Co., Philadelphia, Pa 


| 
| 





lower. After several days, the partially crystal 
mixture from each experiment was dissolved in 
minimum amount of hot methyl cellosolve (al 
2 mi), transferred to a small test tube, diluted \ 
ethyl ether to incipient turbidity, and seeded y 
p-mannono-y-lactone. The mixture was allowed 
stand for 24 to 48 hours at room temperature, during 
which time mannonic lactone crystallized as clust, 
of needles. The mother liquor was removed wit\) a 
capillary pipette, and the crystals were washed tw ice 
in the test tube with 2 ml of a cold mixture of equal 
parts of ethanol and ether, and finally with ether 
alone. The crystalline mannonic lactone from cach 
experiment was dried at 60° C in a vacuum oven 
and weighed. The weights of products and per- 
centage yields for each condensation are given in 
table 3. In each case the product was identified by 
melting point, mixed melting point, and rotation, 


rs 


Yields of erystalline barium gluconate and mannono- 
y-lactone from p-arabinose @ 


Tarnue 3 


p- Mannono 


Barium | 
7 lactone 


b-gluconate Total 


Yield 


Method of 
widition 


Experi 
ment 


Weight Yield |Weight Yield 


41.3 “4 
mS m1 
“wy 74.2 
31.6 72.3 


y 
ow 
1. 100 
O70 

on 


NaCN 
CaCh+NaCN 
NaliCOy+NaCNn 
NEHGCT+ENaCN 


Ce Pal) a1 
251 17.6 
ww 39.3 
1 w.7 


* These yields were obtained with nonradioactive material By use of car 
rier techniques and the methods described in section 3.6, considerably higher 
radio chemical yields were obtained, See p. 170. 


b. Barium Gluconate 


Barium p-gluconate was isolated in the following 
manner from the mother liquor of each of the above 
crystallizations of p-mannono-y-lactone: The mother 
liquor was concentrated under reduced pressure to a 
sirup, which was then dissolved in 10 ml of water. 
The solution was treated with 4 millimoles of aqueous 
barium hydroxide, digested on the steam bath for an 
hour, and finally acidified to phenolphthalein by 
means of a stream of carbon dioxide gas. The mix- 
ture was then warmed and filtered through a funnel 
precoated with diatomaceous earth and decolorizing 
carbon. The filtrate and washings were concen- 
trated undeg reduced pressure to about 2 ml, and the 
solution was treated, dropwise, with methanol to 
incipient turbidity, and seeded with barium p-glu- 
conate trihydrate [20].° Although the typical plates 
of this compound appeared within a few days, crystal- 
lization was allowed to proceed for several days. 
The mother liquor was then removed with a fine 
pipette, and the crystals were washed three times 
with cold 25-percent methanol. The products, after 
drying in a vacuum oven at 80° C, gave optical rota- 
tions in substantial agreement with the value (+-9°) 
reported for the monohydrate [20]. The weights of 
barium gluconate and the percentage yields from the 
four condensations are given in table 3. 

* A supply of barium gluconate was prepared at the Bureau by the electroly Uc 
oxidation of glucose [22] in the presence of barium bromide and barium carbon .'« 
The original preparation required a period of several months for crystallizatio’ 


However, when seed crystals are available, the salt crystallizes quickly from solu 
tions of high purity. 








c. Lead Gluconate 


able 3 shows that mannonic acid can be separated 
factorily as the gamma lactone and gluconic acid 
he barium salt. Other experiments showed that 
lead salt [20] is also satisfactory for the separa- 
of glueconte acid. In an experiment comparable 
Ii of table 3, but on a 4-millimole level, p-man- 
o-y-lactone was removed as described previously. 
mother liquor was evaporated under reduced 
ssure to a sirup, and after the addition of 10 ml 
water and 400 mg of neutral lead carbonate, the 
<ture was digested for 2 hours on the steam bath, 
i filtered. ‘The filtrate and washings were concen- 
ted under reduced pressure to about 1 ml. The 
ip was treated with sufficient methanol to produce 
ht turbidity and seeded with erystalline lead glu- 
onate, The crystals that formed in the course of 
veral days were separated, washed with cold 25- 
recent methanol, and dried by heating under re- 
luced pressure. The product weighed 470 mg, rep- 
senting a yield of 39.4 percent, 


3.3. Conversioa of Barium Gluconate to D-Glucono- 
6-Lactone 


The completeness of conversion of barium glu- 
conate to the delta lactone is closely dependent upon 
experimental conditions. If the barium ion is re- 
moved as barium sulfate, a trace of excess acid may 
hinder crystallization of the delta lactone by favor- 
ing formation of esters, condensation products, and 
ihe gamma lactone. The following was found to 


be the most consistently successful technique for 
removal of the barium ion and crystallization of 


clucono-é-lactone. A solution containing 2 milli- 
equivalents (0.581 g) of barium gluconate was passed 
over a column (1X30 em) of conditioned ™ cation 
exchange resin (see footnote 8), and the column was 
washed immediately with water. The effluent was 
lvophilized at once. When lyophilization was com- 
plete, the residue was taken up in methyl] cellosolve, 
and the solvent was evaporated in a stream of air 
and in the presence of seed crystals of p-glucono-é- 
lactone. In the course of about 1 day, the solvent 
had evaporated, leaving a partially crystalline resi- 
due. The residue was moistened with methyl] cello- 
solve, and evaporation was continued until the 
material appeared to be completely converted to 
the characteristic chunky crystals of the delta lac- 
tone. This material was ordinarily used directly 
for the preparation of p-glucose by reduction with 
sodium amalgam. 

For the preparation of pure p-glucono-é-lactone, 
the crude lactone prepared as described above was 
dissolved in about 10 parts of hot methyl cellosolve. 
The hot solution was filtered with the aid of decol- 
orizing carbon and allowed to cool. Ether was added 
to the point of incipient turbidity, and the solution 
was seeded with crystalline glucono-é-lactone. In 
the course of a day, p-glucono-d-lactone separated 
in amount corresponding to about 90 percent of the 
theoretical. 

Ihe resin was regenerated, thoroughly washed with water, and immedi- 


before use was washed successively with methanol and water, in order to 
hit microbiological action 





3.4. Sodium Amalgam Reduction of D-Glucono-é- 
Lactone and Separation of Crystalline a-D- 
Glucose 


Prior to the preparation of the labeled sugars, an 
extensive study was made of the sodium amalgam 
reduction of a variety of lactones on a millimole 
basis (see footnote 6). The procedures given here 
were found to be most satisfactory for the prepar- 
ation of p-glucose and p-mannose. The reduction 
of both lactones was conducted in a heavy-walled 
glass tube fitted with a stainless-steel stopper having 
a greasecless bearing that accommodated a stirrer 
made by flattening one end of a stainless steel rod 
(ig. 1). The sodium amalgam used was in the form 
of pellets prepared by pouring molten 5-percent 
sodium amalgam into mineral oil in a 70-cm “shot 
tower.”’ 

For the reduction of p-glucono-é-lactone, 0.7 g of 
oxalic acid, 0.8 g of sodium oxalate, and 20 ml of ice 
water were placed in the reaction flask containing 1 
millimole (178 mg) of p-glucono-é-lactone."" _Imme- 
diately afterward, 2.3 ¢ of 5-percent sodium amalgam 
pellets were added; the mixture, cooled in an ice 
bath, was stirred vigorously until the amalgam was 
spent, after which the mercury was separated. 
Three volumes of methanol was added, and the 


1/4" STAINLESS ——————> 
STEEL STIRRER 





>——- STAINLESS STEEL 
STOPPER $ 24/40, 
FITTED WITH 
GREASELESS 
BEARINGS 
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> HEAVY-WALLED 
GLASS TUBE 





= 


Apparatus for the sodium amalgam reduction of 
sugar lactones on a millimole basis. 


Ficure 1. 


!! To avoid transferring the lactone, the methyl cellosolve solution of gluconic 
acid was usually evaporated and lactonized in the tube to be used for reduction. 
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crystalline salts that precipitated were removed by 
filtration, washed with methanol, and set aside for 
the recovery of unreacted gluconic acid. The alco- 
holic liquors were neutralized with aqueous sodium 
hydroxide and evaporated under reduced pressure 
almost to dryness, and the residue was extracted 
with several small portions of methanol (total vol- 
ume was about 10 ml). The extract was filtered, 
diluted with water, and passed through a column 
(14X10 em) containing equal parts of carefully 
conditioned cation (see footnote 8) and anion ™ ex- 
change resins. The combined solution and washings 
were evaporated under reduced pressure to remove 
methanol, and finally lyophilized to a sirup that 
weighed 184 mg. The sirup was dissolved in a small 
amount of methanol, and the solution was trans- 
ferred to a tared tube (total volume was about 4 ml). 
Isopropyl! aleohol was added to incipient turbidity 
and the solution was seeded with a-p-glucose. Crys- 
tallization, which began immediately, was allowed 
to take place for several days. The crystals weighed 


144 mg and had a specific rotation at equilibrium of | 


+51° and a melting point of 147° to 149°C. The 

yield in this particular experiment was 80 percent. 
Analyses by copper reducing methods showed that 
the vield of p-glucose in the reduction process just 
described is 85 to 90 percent of the theoretical. 


3.5. Sodium Amalgam Reduction of D-Mannono- 
y-Lactone and Separation of Crystalline a-D- 
Mannose 


For the reduction of p-mannono-y-lactone, 1 milli- 
mole (178 mg) of the lactone was dissolved in 20 ml 
of ice water contained in the apparatus in figure 1. 
Benzoic acid (1.5 g) was added and stirred into the 
solution only long enough to effect dispersion; 4.6 g 
of 5-percent sodium amalgam pellets was added, and 
stirring was continued at 0° C for 1% hours. At this 
time the mercury was removed with a pipette, addi- 
tional benzoic acid (1.2 g) and sodium amalgam 
(4.6 g) were added, and stirring was continued until 
the amalgam was spent (2 hours). 


was added. The resulting benzoic acid was removed 
by extraction with chloroform. The aqueous solu- 
tion was then mixed with 2 volumes of methanol and 
2 of ethanol. The sodium salts that separated were 
collected on a filter, thoroughly washed with metha- 
nol and set aside for the recovery of any unreacted 
mannonic acid, 
concentrated under reduced pressure to about 10 ml, 
after which it was diluted again with 2 volumes of 
methanol and 2 of ethanol. The salts were sepa- 
rated, and the solution was concentrated to about 5 
ml and passed through a column (1.410 em) con- 
taining a mixture of equal parts of cation (see foot- 
note 8) and anion (see footnote 12) exchange resins. 
The aqueous solution and washings were lyophilized. 
The se. rong residue was dissolved in 1 ml of 
methanol, and the solution was transferred to a tared 
tube with 3 ml of methanol. Isopropyl alcohol was 
then added to the point of incipient turbidity. 


" Duolite A-4, Chemical Process Co., Redwood City, Calif. 


The mercury was | 
removed again, and 1.26 g of oxalic acid dihydrate 
] 


The aqueous alcoholic liquor was | 


| After the addition of seed crystals, the solution 

| allowed to stand for several days. It vielded 100 

of erystalline p-mannose (55%), having an equi 
rium specific rotation, |a]j?7’, of +15° and a melt 
point of 130° to 132° CC. Analyses of numer 


solutions resulting from similar reductions shoy 
that the production of p-mannose in this step va; 
from 75 to 80 percent of the theoretical. 


| 3.6. Procedures Used in the Syntheses of D-Glucose- 
1-C"* and D-Mannose-1-C"* 


| a. Sodium Bicarbonate-Carbon Dioxide Method for the Produc. 
tion of Mannono-y-Lactone and Barium Gluconate 


A flask containing 2 millimoles of radioactive 

| sodium cyanide (20 microcuries (uc)) and 2.24 milli- 

moles of sodium hydroxide in 5 ml of solution was 

cooled in a mixture of dry ice and acetone until the 

| solution froze. One gram of solid carbon dioxide 

and 20 ml of a solution containing 2 millimoles of 
p-arabinose were then added. 

The mixture was allowed to thaw. The flask was 
stoppered and stored in a refrigerator overnight, and 
then at room temperature for 2 days. The solution 
was hydrolyzed by heating for 4 hours at 50° C under 
reduced pressure, and for 1 hour on the steam bath 
Cations were removed by use of a column (1.424 
/ em) of cation exchange resin (see footnote 8), and 

the solution and washings were lvophilized. The 

residue was moistened with meee Max seeded with 
p-mannono-y-lactone and allowed to stand for 3 days. 

During this time considerable lactone crystallized 
| The entire residue was then dissolved in 0.5 ml of 

methyl cellosolve, and the solution was treated with 
| ether to incipient turbidity and again seeded. The 
p-mannono-y-lactone-1-C™ that crystallized in the 
course of several days was separated, washed with 
ethanol and ether, and dried. It weighed 192 mg 
and contained 10.8 ye of carbon-14 (54% yield ©) 
[a]? of the product was +53°, and the melting point 
was 151° to 152°C. The mother liquor and washings 
were combined and concentrated to a sirup to which 
was added 180 mg of carrier p-mannono-y-lactone. 
Sirup and crystals were dissolved in 1 ml of methy! 
_ cellosolve, and ether was added to incipient turbidity. 
| The crystallization gave 187 mg of p-mannono-7- 
lactone containing 2.6 we of carbon-14 (13% radio- 
chemical yield). The total recovery of radioactivity 
as p-mannono-y-lactone-1-C"™ was thus 13.4 ue, or 
67 percent. 

To the mother liquor and washings from the crys- 
tallization of the carrier mannonic lactone, after 
evaporation to a sirup, were added 1 millimole of 
barium hydroxide octahydrate (315 mg) and 3 ml of 
water, and the mixture was digested on the steam 
bath for | hour. After acidification to phenolphtha- 
lein with carbon dioxide gas, the mixture was filtered 
by suction through a funnel precoated with diatoma- 
ceous earth and decolorizing carbon, and the com- 
bined fiiltrate and washings were lyophilized. The 
residue was dissolved in 0.5 ml of warm water, meth- 
anol was added to turbidity, and the solution was 





| © The carbon-14 analyses reported in the paper were made by direct count ‘© 
formamide solution [23] 





ed with barium gluconate trihydrate. After 
ral days the crystalline barium 1-C™-p-gluconate 
vdrate was separated and dried. It weighed 42 
and gave carbon-14 analyses corresponding to 
» pe (7.2% ). 
n the above crystallization was added 100 mg of 
ier barium p-gluconate trihydrate, and after 
stallization, 149 mg of barium 1-C"™-p-gluconate 
wwdrate was obtained with an activity of 2.45 ye 
2%). The radiochemical recovery as barium 
‘_p-gluconate was 19.4 percent, and the total 


liochemical recovery from 20 ye of radioactive | 


inide amounted to 17.3 ue, or 86.4 percent. 


\ similar run made with approximately 3.5 milli- | 
. ° uff a & | 
jes of sodium cyanide containing 3.5 me of carbon- 


vave the following products: 


Crop Carrier Weight Activity 


Mannono-y-lactone 


q 

0. 2619 
. 4486 
. 4344 
. 4225 
. 6002 


q 
None 
0. 500 
. 500 
. 500 
. 500 


Potal 
Barium gluconate trihydrate 


1. 000 
0. 500 
. 500 


0. 7495 
. OS48 
. 5870 

Total 


Radiochemical recovery 


Mannono-y-lactone 
Barium gluconate trihydrate 


Total 


. Calcium Chloride Method for the Production of Barium Glu- 


conate and Mannono-y-Lactone 


An aqueous solution containing 3.0 g of p-arabinose 
20 millimoles), 1.0 g of sodium cyanide (200 we), and 
1.47 g of calcium chloride dibydrate was diluted to 


250 ml and allowed to stand for 3 days at room tem- | 
under | 


perature. It was heated at 60° to 70°C 
vacuum for 4 hours and then for 1 hour on the steam 
bath. Cations were removed by a colimn (235 cm) 
of cation exchange resin (see footnote 8), and the 
resulting solution was lyophilized to a residue. 
this residue was added 10 millimoles of barium 


hydroxide octahydrate and 30 ml of water, and the | 


mixture was digested on the steam bath for 1 hour. 
After carbonation to remove excess barium hydroxide 
and filtration with the aid of a decolorizing carbon, 
the solution was lyophilized. The solid fluffy prod- 
uct was dissolved in 5 ml of warm water, methanol 
was added to turbidity, and the solution was seeded 


To the mother liquor and washings | 
2.98 g (51%) and gave a carbon-14 anaylsis cor- 





with barium gluconate trihydrate. The crystalline 
product that formed in the course of several days was 
separated from the mother liquor and washed with 
aqueous methanol and finally with methanol. The 
product, when dried in a vacuum desiccator, weighed 
responding to 102 ue. In a 2-percent 
solution, [a]??=-+-10°. 

Dissolution of 5 g of carrier barium gluconate 
trihydrate in the mother liquor and crystallization in 
the usual manner gave 5.52 g of the salt containing 
38 ue of carbon-14. Thus, a total of 140 we (70%) 
of the original 200 we of cyanide was obtained in the 
form of barium gluconate. 

The mother liquor from the carrier barium gluco- 
nate was passed through a column (1.430 em) of 


aqueous 


| cation exchange resin (see footnote 8), and the result- 


ing solution was lyophilized to a residue. Carrier 
p-mannono-y-lactone (2.0 g) was added with suffi- 


' cient methyl cellosolve to effect solution, and ether 


was then added to turbidity. The mannonic lactone 
that crystallized weighed 2.2 gand contained 31 ue of 
carbon-14, corresponding to a 15-percent yield. The 
total recovery of radioactive carbon from the original 
200 we of cyanide amounted to 171 ye, or 85 percent. 


c. Sodium Carbonate Method for the Production of Barium 
Gluconate and Mannono-y-lactone 


Ten milliliters of a solution containing 2 milli- 
moles of C-labeled sodium cyanide (4.74 ye) and 
2 millimoles of sodium hydroxide was placed in a 
glass-stoppered tube and frozen by use of dry ice. 
Then 2 millimoles of p-arabinose dissolved in 10 
ml of 0.2 M sodium bicarbonate was added. The 
tube was loosely stoppered and shaken gently until 
the ice melted, allowed to stand at room tempera- 
ture for 48 hours, and finally heated overnight at 
60° C ina current of air. The residue was taken up 
in water and the solution was passed over a column 
(1.220 em) of cation exchange resin (see footnote 8). 


The resulting solution was evaporated to a 


/ convenient volume, and barium hydroxide solution 


was added in sufficient amount to give a permanent 
pink color with phenolphthalein. Excess barium 
hydroxide was removed by carbonation and filtra- 
tion. The solution was concentrated to about 1 ml, 
treated with methanol to the point of incipient 
turbidity, and seeded with barium gluconate tri- 
hydrate. After several days the crystalline barium 
salt was separated from the mother liquor and 
washed with aqueous methanol. The first crop 
of barium gluconate trihydrate (0.2676 g) contained 


| 2.26 we, or 47.7 percent, of the 4.74 ue in the original 
To | 


cyanide. Methanol was removed from the mother 
liquor of the first crop by evaporation in an air 
current, 0.5 g of carrier barium ioienete trihydrate 
was dissolved in the solution, and methanol was 
again added. A crop of barium gluconate weighing 
0.5491 g and containing 0.78 we of carbon-14 was 
later separated. Thus the total radiochemical 
yield of barium gluconate trihydrate was 3.04 ye, 
or 64 percent. 





The mother liquor from the preparation of barium 
gluconate was passed over a column (1.430 cm) 
of cation exchange resin (see footnote 8), and the 
effluent and washings were evaporated substan- 
tially to dryness under reduced pressure. The 
residual sirup was diluted with 2 drops of methanol 
followed by 0.5 ml of isbpropanol. Crystallization 
of mannono-y-lactone, induced by seeding, was 
allowed to proceed for about 1 week in a glass- 
stoppered flask. The resulting crystalline mannono- 
y-lactone was separated, washed with isopropanol, 
and dried. The material weighed 0.1104 g and 
contained 1.33 we of carbon-14. Addition to the 
mother liquor of 0.2 g of carrier mannono-y-lactone, 
and recrystallization from isopropanol vielded 0.18 g 
of mannono-y-lactone containing 0.11 we of carbon-14. 
The total mannono-y-lactone-1-C"™ (1.44 uc) cor- 
responds to a 30-percent radiochemical yield. The 
over-all radiochemical vield of barium gluconate and 
mannono-y-lactone obtained in this particular ex- 
periment was exceptionally high, 94 percent. 

A similar run made with 0.9 miilimole of sodium 
cyanide containing 3.5 me of carbon-14 gave the 
following products: 


Crop Carrier Weight Activity 


Barium gluconate trihydrate 


g 
None 


Total 
Mannono-y-lactone 


. 500 0. 4236 
. 500 . 4840 
. 500 5595 


Total 
Radiochemical recovery 


71. 5% 
14. 6 


86. 1% 


Barium gluconate trihydrate 
Mannono-y-lactone____ _ _- 


Total. 


EEE 7 — 





d. Sodium Amalgam Reduction of D-Glucono-s-lactone-l1-C" 
and Separation of D-Glucose-1-C™ 


p-Glucose-1-C" was prepared from the crops of 
barium gluconate obtained from the various cyano- 
hydrin syntheses. In each case, the salt was con- 
verted to the p-glucono-é-lactone by the method al- 
ready given. The crude lactone was reduced, and 
the sugar was separated by the method given on 
page 167. Small modifications included washing the 
crude sugar with methanol saturated with nonradio- 





active glucose. This prevents dissolution of ; 
crystals but dilutes the mother liquor with inact; 
sugar. In each case additional labeled glucose y 
obtained from the mother liquor by use of earri 
and, in some instances, the carriers were p-gluco: 
1-C™ of low activity obtained in previous runs. Py 
this latter procedure the activity of the sugar was 
raised to a minimum of 1 we/mg. The radiochemic,! 
vields based on the barium gluconate were generally 
80 percent. To obtain consistently good results, it 
is necessary to condition and wash the ion-exchange 
resin carefully and to avoid mold growth. 


e. Sodium Amalgam Reduction of D-Mannono-y-lactone-|-C' 
and Separation of D-Mannose-1-C'* 

One millimole (178 mg) of p-mannono-y-lactone- 
1-C™ (10 we) was treated as described on page 168 
for the production of p-mannose. The procedure 
gave 99 mg of crystalline p-mannose-1-C"™ with a 
a total activity of 5.5 we. To the mother liquor 
from this material was added 200 mg of carrier 
p-mannose; after crystallization from a mixture of 
methanol and isopropanol 180 mg of p-mannose- 
1-C™ with a carbon-14 content of 1.96 we was ob- 
tained. The total radiochemical recovery from the 
lactone was 7.46 ue, or 74.6 percent. As the radio- 


_ chemical vield of the lactone from the cyanide was 
| 67 percent, the over-all yield of the sugar from the 
cyanide was 50 percent. 


Equally satisfactory results were obtained with 
p-mannono-y-lactone-1-C having activities as high 


as 1 millicurie per millimole. 


4. Summary 


Procedures for the production of the several prod- 
ucts from p-arabinose are given in the following 
diagrams, in which the figures in parentheses repre- 


sent over-all radiochemical yields based on the 
amount of C-labeled cyanide used in the initial 
step. The yields given here are typical. Individual 
preparations have given higher or lower yields, as 
discussed in the experimental section. 


Production of p-mannose (NaHCO;-CO, method): 
p-arabinose + NaC'N + NaHCO,+ CO, — 
a -lactone-1-C™ + barium-p-gluconate-1-C" 
(67° (20%) 


p-mannose-1-C™ 
(50% over-all) 


Production of v-glucose (CaCl, method): 
p-arabinose + NaC"N + CaCl, 
barium p-gluconate-1-C" + p-mannono-y-lactone-1-C" 
(70%) (15%) 


(p-Glucono-é-lactone-1-C™)—p-glucose-1-C™ 
(50% over-all) 


Production of p-glucose (Na,CO; method:) 
p-arabinose + NaC'N + Na,CO,—> 
barium p-gluconate-1-C" + p-mannono-y-lactone-1-C" 
(64%) (30%) 


-C)-—+p-glucose-1-C™ 
(45% over-all) 


(p-Glucono-é-lactone-1 
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Effects of Maxima Suppressors on Polarographic Diffusion 
Currents 


John Keenan Taylor and Roberta E. Smith 


The influence of maxima suppressors on the polarographic diffusion current has been 


reinvestigated. 
of suppressor. 
longer drop-times 
studied. 


Abnormally large values for the diffusion current are found in the absence 
The amount required to suppress maxima is less for large electrodes at 
The depressive action of large excesses of suppressor also has been 
Agar is shown to be an effective suppressor of maxima and a sufficient amount can 


dissolve in a short period of time, when using H-cells containing agar plugs, to completely 


suppress maxima. 
cell are of doubtful significance. 


1. Introduction 
Polarographic measurements have gained wide- 
spread acceptance in analytical chemistry because of 
the direet proportionality between the diffusion ecur- 


rent and the concentration of material responsible 


for the electrode reaction. Most applications have 


made use of comparative methods or empirical rela- | 


tionships in which only a reproducible value of the 
current is required. The theoretical expression for 
the current and the conditions under which it is 
applicable are of interest to the analytical chemist 


because of the minimization of calibration experi- | 


ments that would result from its use. Moreover, 


for evaluation of diffusion coefficients, half-wave | 


potentials, and related quantities, it is necessary that 
theoretically exact and experimentally defined con- 
ditions be emploved. 

An earlier publication [1]' discussed the conditions 
for application of the Ilkovie equation to polarog- 
raphy. It was shown that the presence of maxima 


on polarographic waves severely complicated their | 


theoretical interpretation but that addition of sup- 
pressors greatly improved the situation. These 
observations are in qualitative agreement with much 
work found in the literature, and it is common prac- 
tice to include a suppressor in polarographic sup- 
porting electrolytes. ecently Meites and coworkers 
|2] reported that more satisfactory results are ob- 
cheel when suppressors are not in the solution. 
The purpose of the present nay! is to reexamine the 


relation of the polarographic diffusion current to | 


experimental conditions under which it is obtained. 


2. Experimental Details 


A Sargent-Heyrovsky polarograph model XII 
was used for part of the measurements, whereas the 
remainder were made with a manual arrangement 
similar to that described by Miller and Petras [3]. 
For the latter, the source of electromotive force across 
the polarographic cell was a high-precision potenti- 
ometer, The Aryton shunt and the galvanometer 
of a Heyrovsky-Nejedly polarograph, model VIII, 
were used together with a lamp and scale for meas- 
urement of the current. The galvanometer was 


! Figures in brackets indicate the literature references at the end of this paper 





As a result, quantitative studies of suppressor action with this type of 


calibrated immediately after each polarographic 
measurement, by passing through it a current of 
approximately the same magnitude, standardized by 
potentiometric measurement of its current-resistance 
drop across a standard resistance. 

For the calibration of the polarograph, the 
method of Ladisch and Balmer [4] was used. This 
consisted in passing a known current into the galva- 
nometer and recording the deflection produced on 
the photographic paper. This current was chosen to 
produce marks in close proximity and of similar mag- 
nitude to the wave so that, after development of the 
record, a direct comparison could be made. In this 
manner, errors due to dimensional changes in the 
paper and nonlinearity of galvanometer deflections 
were minimized. 

The circuit shown in figure 1 was used to make the 
calibrations described above. The terminals marked 
POL were connected directly to the shunt of the 
galvanometer by suitable connections, and a pre- 
cision potentiometer was connected to POT. Stand- 
ard resistance RP was a five-dial, 10,000-ohm resistance 
box. The radio-type potentiometers P, P:, P;, and 
P,, were equipped with 100-division dials. Poten- 
tiometer P, was set at a reading of 100, and the 
others were adjusted until a deflection of approxi- 
mately 100 mm was obtained for the galvanometer. 
The dial of P; then read directly in millimeters and 


could be used conveniently to obtain any deflection 


desired. By noting the galvanometer deflections 
just preceding and following the wave, it was easy 
to duplicate them with a known current for cali- 
bration purposes. The circuit was used with the 


Ss; 
a” 
g 
T -e 
Sp POL. 
P, P2 Ps Ps 
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bene” comm 





—_— 


Ficure 1. Circuit used for calibration of polarographic 
equipment. 
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ch of the polarograph in the “open” position. 
galvanometer was then independent of the 
rograph, and straight lines of any desired length 
ll be recorded corresponding to a given deflection 
he galvanometer. 
Jropping-mercury electrodes of three different 
- were used. Marine barometer tubes gave drops 
‘bout 7 mg in mass and drop times in the range 
io 7 see. Electrodes with drops of masses 26 and 
mg, respectively, and drop times up to 7 see were 
pared, as shown in figure 2. Capillary tubing of 
mm bore was softened and thickened in a flame to 
» the required resistance to flow. By placing the 
striction, C, in the upstream direction no difficulty 
nterruption of flow was experienced. The tips were 
iwn down to obtain the desired size of drop. After 
ew trials, electrodes having the required charac- 
ioristies were readily fabricated. They were sealed 
io a standpipe equipped with a side arm for attach- 
ment of a mercury-leveling bulb. 
The anodes were silver wires wrapped around the 
dropping-mereury electrodes [5]. This type of anode 
s preferred wherever it is applicable because it does 
not introduce foreign impurities in the solution. 
Nitrogen purified by passage over heated copper 
was used for the removal of oxygen from the solu- 
tions. Tall-form, lipless beakers of 100-ml capacity 
served as cells. These -were fitted with rubber 
stoppers containing tubes for the introduction of 
nitrogen through or over the solution and with an 
inverted funnel as used by Lingane and Kolthoff [6] 
for the collection of drops from the electrode. By 
this arrangement, measurements of the m value were 
made for each measurement. Drop times were 
clocked with a stop watch at the potentials where 
diffusion currents were measured. All cells were 
immersed in a water bath thermostatted at 
25.00° +0.02°C. 
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Ficure 2. Design for dropping-mercury electrode. 


DIFFUSION—CURRENT CONSTANT 


Measurements of the wave heights were made by 
the exact method in the manner and with the device 
described previously [7]. Measurements of the 
residual current were made for each supporting elec- 
trolyte used and for each electrode and drop-time 
emploved. 

All the cells and glassware were scrupulously 
cleaned and bathed in live steam for a period of about 
10 min. to remove traces of cleaning agents and sup- 
pressors from previous experiments. 


3. Results 


Direct intercomparisons of values for the diffusion 
current cannot be made because of their variation 
with the concentration of the solution and with the 
size of drop and rate of dropping of the electrode. 
To correlate the results found in this work, the Ikovie 
equation was used and values for the diffusion- 
current constant, J=74/Cm?“t'”, were calculated from 
the measurements. Recently, Strehlow and Stackel- 
berg [8] and Lingane and Loveridge {9} have shown 
that a somewhat more complicated equation ex- 
presses the experimental data more precisely. How- 
ever, the conclusions of this paper are not affected 
by any small defect of the Ilkovie equation in the 
expression of the diffusion current. 

Values of the diffusion-current constant calculated 
from measurements of cadmium solutions in a 





6.0 








1 1 
° 3 4 
TIME, SECONDS 


Figure 3. Diffusion-current constants obtained with” marine 
barometer electrode. 








Cadmium concentration ©=0.65 millimolar, no suppressor; A=1.60 milli- 
molar, no suppressor; @ =6.50 millimolar, no suppressor; @=all above solutions, 
0.01-percent gelatin. 
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0.1-N potassium-chloride —0.1-N hydrochlorie-acid 
supporting electrolyte with a marine barometer tube 
capillary are plotted as a function of the drop-time of 
the electrode in figure 3. Diffusion-current measure- 
ments were made at an applied potential of —0.9 v, 
which is about 0.2 v more negative than the half- 
wave potential, For drop-times smaller than about 
4 see with no suppressor present, the diffusion-cur- 
rent constant shows a steady increase with decreasing 
drop-time, due to unsuppressed maxima, The effeet 
is more pronounced for the most dilute solution. 
Apparently, maxima of about the same absolute 
value are present in each case that contribute a 
relatively larger amount to the total currents found 
for the dilute solutions. When 0.01 percent of 
gelatin was present, the three solutions gave values 
of J agreeing within + 0.6 percent at each drop-time. 
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DIFF USION—CURRENT CONSTANT 
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TIME , SECONDS 

Diffusion-curreat constant obtained with electrode 
for which mt= 26 mq, 


Fieurr 4. 


Cadmium concentration 
no suppressor, @ 6.0 millimolar, no suppressor; 
percent gelatin. 


~0.65 millimolar, no suppressor; A ~ 1.60 millimolar’ 
° all above solutions, 0.01 
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° ' 6 
TIME, SECONDS 
Diffusion-current constant obtained with electrode for 
which mt=70 mg. 
= 0.65 millimolar, no suppressor, A =1.60 milli- 


Fieure 5. 


Cadmium concentration ( 
molar, Do suppressor, @<6.0 
0.01-percent in. 


all above solutions, 
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The relation between the diffusion-current « 
stant and the drop-time of the electrode, in 
absence of suppressor, is dependent upon the siz: 
the drop of the electrode. This is illustrated jy 
figures 4 and 5, where data are shown for electrodes 
with drops having masses of 26 and 70 mg, respec- 
tively. It is evident that maxima are relatively |oss 
disturbing for the large-drop electrodes owing to the 
large limiting currents observed with them. The 
relatively constant values for J found in the presence 
of suppressor appear to decrease somewhat as the 
size of the drop is increased. This is being investi- 
gated further to determine whether it is due to a 
defeet in the Ilkevie equation, which was used to 
correlate the experimental data. 

For solutions containing no suppressor, the value 
of J will depend somewhat upon the potential at 
which the diffusion current is measured. At more 
negative potentials, for example, the values for 
drop-times Jess than 4 sec are somewhat smaller 
than those shown in figure 3. This is further 
illustrated in figure 6 for solutions of lead (0.5 mil- 
limolar) in the potassium-chloride—hydrochloric- 
acid medium. At the nominal values of the drop- 
time indicated at the right edge of the figure (accurate 
values of ¢ were used in the computations), the 
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Fieure 6. Dependence of the diffusion-current constant on 
the potential of measurement for various drop-times of the 

electrode in the absence of suppressor. 


The numbers in the right edge of the figure indicate the nominal drop-time o! 
the electrode. 
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wes of J are plotted as a function of the voltage 
which they were measured. Only for drop- 
es greater than 4 sec are any essentially con- 
it values of J obtained. With suppressor pre- 
:, however, the values of J are relatively insensi- 
to the potential at which they are measured, 
| this is one indication that the conditions in the 
ition are favorable for the evaluation of diffusion 
rents. 
lhe effect of addition of gelatin to lead solutions 
shown in figure 7. As the concentration of 
pressor is increased, a longer range of drop- 
ws for agreement between the several solutions is 
obtained. The drop-time below which the values 
of 7 increase rapidly has been designated “critical 
drop-time” in a previous paper [1], where it was 
shown to be a logarithmic function of the concen- 
tration of the suppressor. The slight increase of 


/ with drop-time has also been found by other 
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Effect of gelatin on the diffusion-current constant 
of lead. 





tin content: =none; A=-0002 percent; @=0.004 percent; @=0.006 


| observers and is probably due to a defect in the 


Ilkovic equation. 

Results obtained with methyl red as a suppressor 
are shown in figure 8. Although the behavior is 
similar to that found with gelatin, the small amount 
required for suppression of maxima should be noted. 

Heyrovsky emphasizes that only small quantities 
of some suppressors are needed to suppress maxima 
and states that filtration of solutions through 
filter paper is all that is required in some cases [10]. 
This was confirmed and it was found that filtration 
of a lead solution through a Whatman paper was 
about as effective as adding 0.005-percent gelatin 
to the solution. Consequently, in these studies 
precautions were taken to reduce accidental im- 
purities to a minimum by the use of unfiltered solu- 
tions, by special cleaning of the cells, and by the 
use of internal silver anodes. One impurity that 
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Effect of methyl red on the diffusion-current con- 
stant of lead. 


Ficure 8. 


Methyl red content =none; A=0.0001 percent; @=0.0002 percent; 


@ = 0.0005 percent 
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TIME, SECONDS 

Effect of agar on the diffusion-current constant of 


lead 





Picture 0 


Agar content “hone, @ =O. ONS percent, @ 0.005 percent 


may enter solutions is dissolved agar when a plug of 


this material is used to minimize diffusion in the 
commonly used H-cell. The results shown in 
figure © indicate that agar is similar to gelatin in its 
suppressive action. 

An experimental study was made of the rate of 
solution of agar and its effect upon the diffusion 
current, Solutions from which oxygen had been 
removed were introduced into an H-cell having an 
agar plug in the horizontal connecting arm, and 
diffusion-current measurements were made over a 
period of time. 
diffusion current decreased slowly from an initially 
high value to a constant value after 2-hr contact 
of the solution with the plug. For drop-times 
of 1.70 and 2.40 sec, the times for attainment of 
constant values were 40 and 20 min, respectively. 
An experiment with a cell employing a fritted 
disk in the side arm for stabilizing the agar plug had 


For a drop-time of 1.20 sec the | 


- graph. 
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Effect of gelatin on the diffusion-current constant 
of cadmium. 





Fieurr 10 


The numbers at the right of the curves indicate the drop-time of the electrodes 


not reached equilibrium after 6-hr standing when 
the drop-time was 1.20 sec. As it is difficult to 
estimate the amount of agar that would dissolve 
from a plug in the side arm of a particular H-cell, 
any conclusions on the action of suppressors made 
from measurements with such an arrangement are 
open to question. 

While suppressors are necessary to give essentially 
constant values of J over even a limited range of 
drop-times, one cannot indiscriminately add them 
to solutions. Indeed, it can be stated as a rule that 
anything added to a solution is with risk and should 
be done only after careful investigation of the conse- 
quences. The behavior of lead on addition of gelatin 
and its variation with the pH of the solution has 
been reported [11]. The effect of addition of large 
excesses of gelatin to cadmium solutions is shown in 
figure 10. Successive amounts of a concentrated 
solution of gelatin were added from a burette to a 
measured volume of cell solution, and, after stirring 
for 5 min. with a stream of nitrogen, diffusion-curren| 
measurements were made with the manual polaro- 
Values of J were calculated, taking into 
consideration the resulting dilution of the solution 
Results for a 0.65-millimolar solution of cadmium 
are shown, but data for 1.6- and 3.2-millimolar solu- 
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s were comparable in all respects. 
j-percent gelatin the values of J are extremely 
tive to both the drop-time and the concentration 
lhe suppressor. This corresponds to the region 
hich maxima are the controlling factors. From 
it 0.006- to 0.014-percent gelatin, the values are 
tively insensitive to both drop-time and concen- 
ion of gelatin. In this region conditions are such 
true diffusion currents are approximated, On 
‘her addition of gelatin, decreases in the diffusion 
rent are observed, but the values for J increase 
the drop-time of the electrode. Quantitative 
tment of the results has not been successful as vet. 
Che data of figure 10 are plotted in figure 11 to 
ww the variation of the diffusion-current constant 
|, drop-time for a constant concentration of gela- 
/as suppressor. This figure supplements figure 10 
and emphasizes the depressive action of large con- 
contrations of gelatin. 
lhe effects of bovine albumin and of sodium carb- 
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Ficure 11. Dependence of the diffusion-current constant of 
cadmium on the drop-time in the presence of gelatin. 





numbers to the left of the curves indicate the gelatin content in thousandths 
t 


rn 


Below about | oxymethyleellulose [11] on the diffusion current of 


cadmium are shown in figures 12 and 13, respectively. 
Additions of small amounts of these materials are 
sufficient to suppress maxima, whereas large amounts 
depress the diffusion current, especially at the low 
drop-times. The depressive effect is much 
however, than in the case of gelatin. 


less, 


4. Discussion 


The results presented above are typical of the 
many obtained at the Bureau. lons studied have 
included thallium, lead, bismuth, cadmium, nickel, 
and cobalt. In all cases, abnormally large values 
have been obtained for the limiting current in the 
absence of some suppressor, whether or not deforma- 
tions of the wave shapes in the form of readily 
recognizable maxima are present. 

It is difficult to make quantitative statements 
about the minimum amounts of suppressor that are 
necessary to eliminate maxima. The occurrence of 
maxima is so general that it is doubtful if any polaro- 
graphic measurements made with pure solutions are 
entirely free from their influence. Small amounts 
of impurities of a surface-active nature are often 
unintentionally or unknowingly present in solutions, 
so that polarographically pure solutions may not 
always be realized. It is shown that extremely 
small amounts of some suppressors are sufficient to 
suppress maxima and that even a simple filtration 
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Ficure 12. Dependence of the diffusion-current constant of 
cadmium on the drop-time in the presence of bovine albumin. 


The numbers to the left of the curves indicate the albumin content in thou- 


' sandths of percent. 
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TIME , SECONDS 
Fiaure 13. Dependence of the diffusion-current constant of 


cadmium on the drop-time in the presence of sodium car- 
borymethylcellulose (NaCMC). 


The numbers to the left of the curves indicate the NaC MC content in thou- 


sandths of percent 


through eo produces marked changes in the be- 


havior of the solution. Small amounts of insoluble 
material, such as wood chips, occasionally found in 


chemical reagents may have an unpredictable influ- | 


ence on the diffusion current. 


, 
arge excesses of suppressors have depressive 


action on polarographic diffusion currents. As a 
result, one cannot indiscriminately add materials to 


solutions in the hopes of reducing maxima to negli- | 


gible proportions. In any measurements in which 


_ electrode have been the criteria employed. 


| graphic measurements. 





true diffusion currents are required, it is necess; 
for the experimenter to establish not only that 

electrode reaction is limited solely by the rate 
diffusion, but the chemical nature of the elec troly: 
material must also be known. 

There appear to be two criteria for the establis\)- 
ment of diffusion as the rate-controlling process at 
the electrode. One is the independence of the eur- 
rent (after correction for the residual current) with 
the voltage at which it is measured. In other words, 
a diffusion current plateau should exist beginning at 
the completion of the wave and continuing with in- 
creasing potential until the onset of a second elec. 
trode reaction. The second criterion is concerned 
with the dependence of the current upon the dropping 
rate of the electrode. This is difficult to apply be- 
cause the theoretical dependence has not been defi- 
nitely established. The Ilkovic equation has been 
used for this purpose, and linear dependence of the 
diffusion current upon the square root of the pres- 
sure of the mercury column or independence of the 
diffusion-current constant with drop-time of the 
Recent 
theoretical and experimental work has shown that 
the Ilkovie equation is an approximation and that 


| systematic errors of several percent can be expected 


with electrodes of the size normally used in polaro- 
In applying the second cri- 
terion for diffusion control, the modified forms of the 


| equation should be used, or the Ilkovic equation may 


be used if its defect is taken into consideration. In 
any case, the experimental conditions and composi- 
tion of the solution should be varied in both direc- 
tions to establish that a critical state does not exist. 
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Heat Capacity of Gaseous Carbon Dioxide ' 


Joseph F. Masi and Benjamin Petkof 


The heat capacity (C,) of gaseous carbon dioxide has been measured at 
+ 90° C and at 0.5-, 1.0-, and 1.5-atmosphere pressure, with an accuracy of 0.1 percent. 


and 


30°, 0°, +50°, 


The flow calorimeter used was a modification of the one previously described by Scott and 


Mellors [1] ? and Wacker, Cheney, and Scott [2]. 
rimeter, the heat capacity of oxygen was measured at 1 atmosphere at 
The measured values of C, for oxygen were combined with an equation of state to give C, 
these differed from the statistically calculated values by + 0.03, 


the three temperatures. 


In order to test the accuracy of the calo- 
30°, 0°, and + 50°C 
> 


0.06 and —0.01 percent at 


The experimental values of C, for carbon dioxide have been used to calculate new values 
of C> and values of the pressure coefficient of heat capacity at the four temperatures of 


measurement, 


The theoretical values of C> calculated in 1949 [8] were found to be too low 


by 0.2 to 0.3 percent; the results of a new calculation are in substantial agreement with the 


experiments. 


The pressure coefficients are in agreement with those obtained from the recent 


pressure-volume-termperature work of MacCormack and Schneider [7]. 


1. Introduction 


The large number of experimental values of the 
specific heat of carbon dioxide reported in the 
literature are in serious disagreement with each other. 
Ledue, for the International Critical Tables [3], 
attempted to evaluate and correlate all of the work, 
both experimental and theoretical, up to 1929. 
It is now thought that these ICT values are in con- 
siderable error. There have been two calorimetric 
measurements of the heat capacity since that time 
4, 5). There have also been at least two good sets 


of osene ea Sate measurements [6, 7] 


and two calculations of the ideal gas heat capacity 
from spectroscopic data [8,9]. There have been sev- 
eral compilations, based almost entirely on the com- 
bination of equations of state with spectroscopic val- 
ues of C, [10 to 13]. Values from several sources 
of the heat capacity in dimensionless units, C,/P, at 
| atmosphere and 0° C, are given here. 


Partington and Schilling, 1924 [14] ; . 40 
Leduc, ICT 1929 [3] . 37 
Eucken and v. Lude, 1929 [4] . B48 
Sweigert, Weber and Allen, 1946 [10] . 487 
NBS-NACA Table 13.24, 1949 [12] . 396 
MacCormack and Schneider, 1950 [13] 4. 363 


The present investigation was undertaken because 
of the impossibility of deciding which values to 
choose and because of the reluctance, on the part of 
some users of thermodynamic tables, to accept 
statistically calculated values without supporting 
experimental evidence. 

Oxygen was chosen as a substance to test 
accuracy of the apparatus, because its heat capacity 


is well known and because a pure sample is rather | 


easily prepared. 


This work was financed in part by the National Advisory Committee for 
Aeronautics, 

Figures in brackets indicate the literature references at the end of this 
paper 


the 


2. Materials 


The oxygen was prepared by heating potassium 
permanganate as described by Scott [15] and by 
Hoge [16]. This is a method that has been shown to 
produce very pure oxygen. The vapor pressure of 
the sample at the temperature of boiling nitrogen 
was found to agree with the value calculated from 
Hoge’s data [16]. During the course of the last 
series of measurements (those at —30°C), a small 
air leak in the apparatus was suspected. As soon 
as the measurements were completed, a portion of 
the sample was dissolved in alkaline pyrogallol to 


determine the purity; the amount of residual gas 


was 0.2 percent, and it was assumed to be nitrogen 
from air that had leaked in. 

Carbon dioxide was purified from commercial gas 
that had been made from limestone. <A_ large 
evlinder containing 20 lb of carbon dioxide was 
opened and the gas allowed to escape until less than 
half of the contents remained. Several hundred 


| grams were then transferred to a small evacuated 


cylinder, which was then attached to a purification 
train. The sample was slowly sublimed from the 
cylinder and condensed in a glass trap at liquid N, 
temperature, while a high vacuum was maintained 
by pumping on the trap. Transfer to the final 
receiver was also accomplished by sublimation and 
condensation. About 600 g were prepared in this 
way. The sample was tested several times for per- 
manent gases by dissolving portions in concentrated 
potassium hydroxide and observing the volumes of 
residual gas. These were always less than 0.01 
percent of the volume of the sample. <A test per- 
formed by E. R. Weaver showed less than 0.001 
percent of moisture. 


3. Apparatus 


The adiabatic flow calorimeter used in this work 
was a modification of one that was shown by Wacker, 


| Cheney, and Scott [2] to give heat capacities reliable 


to better than 0.1 percent. The principal modifi- 
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cation was the substitution of two resistance ther- 
mometers of nickel wire for the thermocouple previ- 
ously used for measuring the rise in temperature of 
the heated gas. 
stitution was that the thermometers could be cali- 
brated place at any time. A further advantage 
was that it could be demonstrated by the readings of 
the lower thermometer that the gas entering the 
calorimeter always reached the temperature of the 
bath, and that there was negligible heat leak ‘“up- 
stream” 
cold gas. 

The flow calorimeter, as it was used, is shown in 
figure 1. Most of the essential features are as 
described by Seott, et al. [1,2], but so many changes 
have been introduced that a brief description of the 
entire apparatus appears desirable. 
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Fiaure |. Seale drawing of flow calorimeter. 

A, Liquid nitrogen; B, constant-temperature bath; C, pootens cylinder; 
CR, copper red, F, and Fy, flanges; Fl, felt insulation; Hy, bath heater; H,, 
calorimeter heater; H,, shield heater; H,, tube heater; 1, inlet; J, bellows seal; 
M, mica spacer; MAN, manometer tubes; N; and N», nickel thermometers; 
O, outlet; P, propeller, RK, bath-control thermometer, 8, radiation shield; T), stir- 
rer tube; Ts, helical tube; TC), tube thermel; TC»), shield thermel; Th, metal 
thimble; V, throttle valve; VAC, vacuum line; W, wax seal; X, vanes 


The main advantage of this sub- | 


from the hot calorimeter to the incoming | 


| deg, 








3.1. Constant-Temperature Bath 


The calorimeter is immersed in the bath, 7, 
temperature of which was controlled by suppl) 
electric power to the heater, //,. The stirring ; 
peller, 7’, forced liquid down the brass tube, 7), 
over the copper resistance a R, wh 
consisted of about 140 ohms of No. AWG wi 
and which formed one arm of a W thee bridve 
An unbalance in the bridge circuit of 1 av corre. 
sponded approximately to 0.001 deg K. The eireviy 
was ordinarily attached to the galvanometer in g 
Rubicon phototube amplifier, the output of which 
was fed to a proportionating heat-control amplifier 
developed by the Eleetronic Instrumentation See- 
tion of the Bureau. This arrangement gave auto- 
matie control of the bath temperature within 0.002 
provided there were no large disturbances, 
The copper thermometer bridge could be switched 
from the controlling galvanometer to a sensitive wall 
galvanometer for manual control, or the two gal- 
vanometers could be placed in series for momentary 


observation of the efficiency of control. 


When controlling the bath below room tempera- 
ture, refrigeration was required, and this was pro- 
vided by the apparatus shown at the left of figure 1. 
A solid copper rod, CR, with copper vanes, X, at 
one end and a copper cylinder at the other was im- 
mersed in liquid nitrogen, A. The metal tube, ¢ 
closed at the bottom end made the rate of heat 
transfer almost independent of the depth of the 
nitrogen in the dewar. 

The bath liquid was a special light machine oil 
for temperatures above that of the room and an 
equivolume mixture of chloroform and carbon tetra- 
chloride for temperatures below that of the room. 


3.2 Flow Control 


The source of gas flowing into the calorimeter is 


not shown in figure 1. For oxygen, this was a cylin- 
drical brass boiler with heavy-copper vanes, wound 
with a heater and immersed in a cold dewar. The 
rate of flow was controlled by the power supplied 
to the heater on the boiler for evaporating the 
liquid oxygen. For carbon dioxide the boiler was 
replaced by a high-pressure system in which the 
carbon dioxide was contained in a steel cylinder 
immersed in melting ice. The pressure (34.38 atm) 
remained sufficiently constant for good flow control. 
The gas was admitted to the calorimeter, and its flow 
rate was controlled, by a very sensitive diaphragm 
valve. This valve was previously used by Osborne, 
Stimson, and Ginnings [17] for control of flow of high- 
pressure water. A silver seat moving down against 
a stainless steel crater-rim cone with a very small 
opening provided the closing action. 

Both the rate of flow and the mean pressure during 
an experiment were adjusted, controlled, and meas- 
ured by following the readings of a three-column 
manometer, two columns of which were connected 
to the calorimeter as shown in figure 1, whereas the 
third was open to the atmosphere. 





3.3 Calorimeter and Shield 


- gas being investigated entered at J and passed 
wh the helical tube, 7), where it was brought to 
emperature of the bath. This tube passes into 
vacuum jacket through the bellows joint, .J/, 
) was intended to prevent stresses caused by 

ential expansion. 

© calorimeter, considered as the vertical tube 
een points Jand O through which the gas flowed, 
constructed of thin-walled seamless Monel 

ng. The various pieces were soldered together 
carly coaxially as possible, and the whole length 
supported only at the two ends, and at M by 

a mica spacer. The copper thimble, 7h, was used to 
provide a surface of higher temperature to protect 
the incoming cold gas from radiation; it was therm- 
ally a part of the calorimeter. The latter, with the 
exception of the necessary lead wires, was completely 
isolated from contact with surroundings from points 
\fto O. $The thimble was gold-plated and polished; 
the Monel tubing was covered with thin aluminum 
foil, exeept for a short length that was highly polished 


The copper radiation shield, S, was gold-plated and 


polished on the inside, and covered with aluminum 
foil on the outside. It was supported and centered 
hy string spacers, 

The temperature of the gas entering the calorim- 
eter was measured by the nickel resistance ther- 
mometer, NV; the gas passed over a system of baffles 
and went twice past the glass-silicone-insulated No. 
36 AWG constantan heater, //7,.. The direction of flow 


was again reversed, and another system of baffles was 


encountered in the region where the exit temperature 
was measured with the nickel resistance thermometer, 
\,. Heat leak to the upper tube was opposed by sup- 
plying heat to a tube heater, //7,, so that zero tempera- 
ture gradient was maintained as indicated by a null 
reading of the copper-constantan thermocouple, TC). 


Radiation to or from the outer surface of the calorim- | 


eter was reduced almost to zero by heating the shield 
with the heaters, /7,, which were so arranged that 
any desired proportion of the heat could be supplied 
to the top half of the shield. 
the chromel-constantan thermocouple, TC, could be 
read in summation or individually, and the attempt 
was made to keep all of the readings near zero. Heat 
transfer from the bath by gas conduction was elimi- 
nated by evacuating the brass jacket. 

Leads were brought in through the wax seal, W, 
and were tempered nearly to bath temperature on the 
brass eylinder, F,. Leads from the thermometer, 
\,, were taken directly to the brass ring, F), and 
further tempered; all other leads were wound twice 
around the shield. All leads were of AWG No. 34 
copper wire, silk-and-enamel insulated. All wires, 
whether heaters, thermometers, thermal junctions, 
or leads, were cemented to the metal surfaces with 
givptal lacquer and afterward baked. 

ach nickel thermometer consists of about 55 ohms 
of AWG No. 40 enameled nickel wire with four 
copper leads. The thermometers were calibrated by 


comparing with one or more platinum resistance | 


‘The three junctions of | 


thermometers suspended in the bath when helium 
was in the calorimeter jacket. It was found that the 
resistance of the nickel thermometers in use fluctu- 
ated slowly over a range corresponding to 3 or 4 
mdeg during a period of 3 months. Consequently, 
spot checks of the calibration were made each day of 
heat-capacity measurements. 

After leaving the calorimeter through the throt- 
tle valve, V, the gas went to one or the other of two 
receivers through a snap-throw valve, capable of 
changing the flow from one receiver to the other in 
less than 0.1 second. This valve in one of the two 
positions closed the clutch circuit of an interval 
timer that was driven by a special constant-fre- 
quency 60-cycle current, accurate to 0.02 second. 
This valve was the same one described by Wacker, 
Cheney, and Scott [2]. The receivers were kept at 
the temperature of liquid nitrogen. 

A Leeds & Northrup G-2 Mueller bridge was used 
to measure resistances. The potential and current 
in the calorimeter heater were measured with a pre- 
cision potentiometer, in conjunction with a cali- 
brated standard resistor and a calibrated volt box. 
The circuits were essentially the same as those de- 
scribed by Seott, Meyers, Rands, Brickwedde, and 
Bekkedahl [18]. 


4. Method 


The selection of the temperatures and pressures at 
which to measure the heat capacity of carbon diox- 
ide was made to cover the working range of the calo- 
rimeter and obtain as many points as necessary. 
The usual assumption was made, that the error in 
an apparent heat capacity caused by heat leak 
would be inversely proportional to the flow rate. 
Consequently, at each temperature and pressure, a 
number of determinations were made over as wide a 
range of flow rates as was consistent with a reason- 
able time for measurement, with the size of sample, 
or with the capacity of the calorimeter. 

The determinations of the heat capacity included 
the measurements necessary to obtain the three fun- 
damental quantities: the mass rate of flow, F, of the 
gas through the calorimeter; the electric power, W, 
to the calorimeter heater; and the rise in tempera- 
ture of the gas, AT. 

A heat-capacity experiment was begun by adjust- 
ing both the valve, V, and the flow of gas to the 
calorimeter until the selected values for the meap 
pressure and pressure drop were obtained. Mean- 
while, power was supplied to the heater and. adjusted. 
Neither valve V nor the power supply were changed 
after the initial adjustment, all control being at the 
source of gas. Heat was also supplied to the shields. 
After a length of time that was inversely propor- 
tional to the rate of flow, a steady state was reached 
in which the heated portion of the calorimeter and 
the shield were at a constant temperature that was 
approximately 10 deg higher than the constant bath 
temperature. At this time the gas was directed by 
means of the snap-throw valve to the other (weighed) 
receiver, thus starting the measurement. Contin- 
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uous measurements of the exit temperature (N,) of 
the gas were made, and slight adjustments of the 
flow were made to keep that temperature constant 
within 0.03 deg. In addition to the measurements 
of the resistance of the thermometer, N>2, readings of 
current and potential of the heater, resistance of N, 
and the bath thermometer, and heights of the three 
mercury columns were recorded as often as possible 
in connection with each run. When about the de- 
sired weight of sample had been collected and the 
temperature was nearly constant and the same as 
that at the start of the run, the experiment was ter- 
minated and the gas was redirected to the other con- 
tainer. The barometric pressure was also recorded, 
as well as the reading of the interval timer. The 
receiver was weighed on a large analytical balance, 
and the weight of sample was corrected for buoyancy. 

“Blank” experiments were required in which the 
temperature drop, 57, in the calorimeter was meas- 
ured when no heat was applied. This temperature 
drop is chiefly due to Joule-Thomson cooling, but 
heat leaks and responsiveness of the nickel ther- 
mometers to the gas temperature usually contribute. 
The blank experiments were made with the bath 
temperature approximately at the mean tempera- 
ture of the corresponding heat-capacity measure- 
ments, and they were made at the same mean pres- 
sures and over the same range of pressure drops as 
the heat-capacity experiments. The values of 67/Ap 
were plotted as a function of Ap for each pressure 


TABLE 1. 


Reciprocal of 


Mass of — , Pressure drop, 
rate, F-1 Power, 


sample, ™ Ap 


mm Hg 


sec. g' 
270.7 


11. 9673 
20. 1028 
24. 2560 
37. 9580 
44. 7503 


vy 
70. 7708 
49.0120 
41. 3857 
26. 9976 
OM 


Extrapolated value 


Temperature 
rise, 47" 


°K 
9. S817 
10. 0141 
10. 0837 
9. 9815 
9. 9454 


and temperature for each gas. These graphs \ 
used to obtain the quantity 57 for each heat-ca; 
ity experiment. The value of 67 varied from 0.( 
to 0.4° in the extreme cases. 

The apparent specific heat of the gas, C, at 
mean temperature and pressure of the experini nt 
was computed by the relation 


> wr 

~ (AT +87) ») 

The mean temperature, 7, of the experiment was 
calculated as the bath temperature plus A7/2. The 
average pressure, p,,, in the region of the calorimeter 
between the thermometers N, and N, was calculated, 
from the corrected manometer and barometer read- 
ings, as equal to the pressure at the entrance to the 
calorimeter minus three-eighths of the measured 
pressure drop, Ap. A consideration of the geometry 
of the calorimeter had led the authors to the opinion 
that the factor three-eighths is near the truth and 
that any uncertainty in this factor will not affect the 
result by a significant amount. 


5. Results 
5.1 Tests with Oxygen 


All the heat-capacity data on oxygen from this in- 
vestigation are given in table 1. The experiments 


Data on orygen 


Heat capacity, 
C, (observed 


Correction for 
Ta and pm, 6C 


Blank correc- 


Heat capacity, 
tion, 6T co 


—30.00° C = 243.16° K: 1.00 atm 


°K 
. 0965 
. OBR2 
0271 


jg” deq™ 
—0. 00012 
—. 00006, 
—. 00004 
—. 00002 
—. 00004 


011 
0096 


0. 91519 


0.00° C = 273.16° K: 1.00 atm 


50. 7721 
99. 1040 
79. 9193 
62. S581 
27. 8317 


68. 4814 
33. 1234 
2h, 4032 
28. 4235 
30. 2936 


11. 1876 


u 


9. 5978 
9. 7381 
10. 1718 
10. 1910 
& 7491 


9. 0000 
‘ 
SSL 
. 4208 
. G85: 


0. 91616 
. 91597 
. 91597 
- 91622 
- 91633 


. 91635 
. 91657 
. 91629 
. 91621 
- 91572 


0. 91625 


50.00° C =323.16° K: 1.00 atm 


111. 6318 
46, S598 
24. 1352 
23. 4676 
23. SSS 


Extrapolated value : ~ ‘ . 


92282 
- 92254 
- 92189 
- 92145 


0. 92366 


* The values of C are corrected for 0.0035 g of oxygen left in the delivery tubes because of the vapor pressure of oxygen at the temperature of boiling nitrogen. 





isted in the order of decreasing flow rate at each 
oerature. The values of C, given in column 7, 
aleulated by means of eq 1. These are adjusted 
he amounts given in column 8, to correct for the 
rence between 7, and the nominal temperature 
between p, and l-atm pressure, and there are 
tined the values of (, (observed) in column 9. 
values of C, (observed) are plotted as a function 
The straight line drawn through the points 
. determined by the method of least squares, and 
value of C, is obtained as the intercept. One of 
ese plots is shown in figure 2, to illustrate the pre- 
wn obtained. The values of Cc, obtained by this 
wess are labeled “‘Extrapolated value” in column gh = ae 30 - 50 
{table 1. These values, converted to dimension- RECIPROCAL OF RATE, SEC g7! 
less form, C, R, are listed again in table 3 (a). Ficure 2. Heat capacity of oxygen at — 30° Cand 1 atmos phe re. 
There are also given the corrections to ideality cal- igi 
culated by the Beattie-Bridgeman equation [19], and 
the resulting values of C)/R. These values are then 
compared with the values calculated by Woolley 
(20, 21] from the spectroscopic and molecular data. 


2 
o 





Cp (OBSERVED) | g@' deg~'! 
© 
» 











5.2 Heat Capacity of Carbon Dioxide 


All of the heat-capacity data on carbon dioxide in 
this research are given in table 2. In addition, 
plots of all the experimental results at —30° and 

50° C are furnished in figures 3 and 4 to show the 
typical appearance of these plots and to indicate the 
precision. The value of C, (observed) for each point 
‘col. 9), after adjusting for the differences between . : 
T,, and p, and the nominal temperature and pressure ° 
(col. 8), is plotted against the reciprocal of flow rate 


Cp (OBSERVED), } g™' deg" 


| OSatm 











(col. 1). The slopes and intercepts of the lines were . = 
first obtained by the method of least squares. As 20 30 40 50 


; “ ‘ il 
the heat leak, of which the slopes of these lines is a SESPHSOM, CF REESE © 


measure, would be expected to be independent of | Fieure 3. Heai capacity of carbon dioriae at — 30° C and three 
pressure, the three lines at each of the temperatures pressures. 

except 90° C were adjusted slightly to a constant 
average slope. A nell but regular change of slope 
with pressure was noted at 90° C, and these lines 
were therefore unchanged from the least-square 
values. The intercepts of these lines are the desired 
values of ©, and are listed in column 9 of table 2 
as the “Extrapolated value.’’ In order to furnish 
an estimate of the precision of these values of C,, 
they are followed in table 2 by values of ¢, where ¢ 





is defined as , $4d?/(n—1), and d is the deviation from 


the extrapolated value of C,, of each C, (observed), 
after correcting for heat leak by use of the slope of the 
straight line previously found. 

The values of C, have been converted to dimen- 
sionless form and are given as (,/P? in table 3 (b). 
Although there are a number of experimental 
measurements at atmospheric pressure recorded in 
the literature, there is no interest other than histori- 
cal in making comparisons with the very old work. 
Partington and Shilling [14], Ledue [3], and Quinn 
and Jones [22] have made studies that may be | ° 10 20 30 40 50 
referred to. The most recent thermal measure- | RECIPROCAL OF RATE, SEC g~' 
ments are those made by Kistiakowsky and Rice | pygere 4. Heat capacity of carbon dioride at 50° C and three 
(5| by the isentropic expansion method. The values "pressures. 
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ranie 2 Data on carbon dioxide 


Correction for 
Ta and Pa, Heat cap 
6c 


Keeiproeal of Mauss of sample, Power, W Pressure drop, Temperature Blank corree Heat agate, om 
p (obser ve 


rate, I m ap rive, AT tion, 4T 


w.00°C —243.16°K; 1.0 atm 


Watt A : jo‘ dea" ja’ deg” ja~' deq 
0. §ITOD 0 4287 0. MOT72 0.00044 SOT 28 
ween? ‘ woT2I 006s a 
470045 rs 1 A877 SOTO 00080) . SONS 
veh 5  SOORD 00006 SOS 
ete SEN Q0006, . ae? 


Extrapolated value S074 
a +0. 00040 


Loo atm 


a Tee "2 f ; 0 oN Tw, 0. 000% 7a 
a O40 | Me 0. 3580 Ts 00087 TUN 
17. oxT! | TMF aS 10. 520s ; TNs 00004 TON 
ow f : ‘ 2s @ M478 Tus 0007 . TO887 
44a Pra 17s ww - . W775 Oo025 707) 


Extrapolated value 70925 
o Ooo 


OM atm 


wives 2 ww O74 zm Tw Oo ono Taw? 
inet 10. 1285 nw Tw, ooo Tus 
WS ' 10. 1155 aes TUOTH ooold Tow 
etal oan ow TOONS + on019 ral vel 


Extrapolated value Tee? 
° 00049 


73.16" K, 1 atm 


vo wn 7 2 wewids Oo MAS 0 ri 000016 SOISI 
wry Wi. O72 SATUNS ; u ool rf ooo S167 
woe \ el SAL) t 0 7ise ‘ OOO aaa 
aM At. A MWS & TRAT O00s5 SOLM 
ove ; HL NS 0. oT2 fh Su oon22 S008 
iim ' é. wor? 10. 3M Se oon SO), 
f winery s) 1. 2M 2! ooo . oN 

onto 10. 4168 sa ooo8 soils 

was 10, 4888 d Onos2 SOLOS 

Pre ti i 0. 3786 . + 00005 se 

021 ‘ +. 00014 SwO74 

0 2458 +. O0013 soina 

& Tl of +. 00048 S207 

& TONS +. OOO47 . S2UST 

0 Os +. 00011 Sy 


2 ane 9. 0g7e 202. +. 00043 Sue 


value S178 
o ooo 


1.00 atm 


10 0045 250 0. 00016 
10 O88 258! OOOS1 
10. 3133 2 O0028 
10.424 2K oo0s7 
0 O875 23 +. Q0089 
0 2062 yyy +. 0027 
¥ A719 2! Ooo? 
0 anes ‘ ono? 
10. 2730 : ooo40 
0 2765 2k +. 0080 


value 
o 


0. atm 


10. 0779 rs 21: —0. OOOL9 
10. 24085 iN % —. 0087 
10. 2415 7» —  QOORS 
» age ' +. O0030 
lo Age rr : —_ On0s9 
10. 3228 —. OMT 
10. Soon 7 — (OOo S219 
& 0646 . : + OO02S 82006 


sUrh 
. . fo hek a 

SeeLAIVSS 
wees ecune 


aaa 


Extrapolated value 0. 82198 
o +0 00029 





Tapsie 2. Data on carbon dioride—Continued 


Correction for 
Tm» and pm, 
6c 


Heat capacity, 


procal of Mass of sample, Power, WW Pressure drop, Temperature Blank correc- Heat capacity, 
e, F ° T 1 ( C, (observed 


m Ap rise, A tion, 6T 


$23.16° K; 1.50 atm 


| 
mm He kK K ja dea jo dea 
- aoor2 O.S87719 
ood ATATO 
aoorn S7TOHI17 
OO0ODS 87531 


Extrapolated value S777 
a OOO10 


1.00 atm 


SOOL1I 10. 1S06 OO0a7 
SONU, 5 , fi ri CD eaiy 
M7248 0: , 377 rs C0056 
M427 4 OOO4 
He ¥. 2 § GOODS 
280525 : ¥.° 72 ool 
280078 : 0. 4%: 73% aooLo 
22h) : 7300 QO008 
ZT 2: STR47 OO0L8 

2ivn2d aTa20 aooo! a7aa0 


Sy 


Extrapolated value S7515 
oO aQonse 


0. atm 


6 G24 33. WH52 SZ 232 10. 0836 0. 1375 STi QOOr4 

7 7. 304 2422 10. 1132 Ose STIG Oooz3 
22 sl MM. 2500 Zz: 25. 11. 3404 Oso 87220 Q0083 
wo 2 4n58 i. § 0. 6780 O465 s7OMm4 OO00T 
44.1108 Zi. 28N2 216801 x 10. GS18 230 STOSS — 0080 


Extrapolated value S7251 
e oor 


90.00° C =363.16° K; 1.50 atm 


2148 SHS6O5 t 10. 0164 0.0780 91221 0. 00006 
20m) Wit .7 10. 0538 o771 91245 OO0L0 
a a t 9. 3726 O11 g1102 +. QOO28 
so20 SUNN \ 9. 6176 OST vlogs +. OO018 
2740 2s. z @ 8573 oog2 91043 +. 00000 
2. 2404 2WHW2 3.5 9. 7692 0053 wal +. OOOL2 W953 


Extrapolated value 91310 
e O0008 


1.00 atm 


10. 4979 v1060 -). 00029 O1031 

ould 7 wou] Qo022 YOd8Y 

¥. 9304 v1004 ~ OOS ny 

27 9ON30 —. 0007 wow2s 

OUSY woul Q0020 YOO) 

2771 QOSST +. 00030 GOS87 

9. 273 GORD +. OOOB0 GOsSe 

219191 2 \ Yosy! OOOLT GONT4 


Extrapolated value g1102 
e 0009 


0 atm 


10. O869 GOSSD 0. 00006 WOsT4 
10. 1915 YOSSI ~ OO12 QUR19 
10. 3876 WoOR25 —. Qoo22 YOSUS 
9. 6812 , wT +. OOOLL woras 
w.81M wo725 — (O087 Ons 
10. 8265 OTIS —_ OORT woes 


Extrapolated value ES 
oo ood 





Tante 3. Summary of results 


Temperature, “¢ 


»/ ft. 1.00 atm $. A228 +. S24 
lee R 


. 


ooo o.oo79o 


CoRR, 


observed 
OR 


Percentage difference, obeerved 
pect roscopi 


spectroscopic 


(b) Carbon dioxide 


c, RUM atm 1 428 
1.) atm 2 1.3792 
0. atm on 
on 


ihn 
pean 
161s 


» ro 
t, observed i ‘ 


t, spectroscopic 


Henediet [24] 
Wagman [25) 
Percentage difference, observed 
spectroscopic 


4(C,/ 2) Ap, atm 


oo 
LLL 


On 
oT 


* Corrected for presence of 0.27) of nitrogen 


of ©,/R at 1 atm obtained by those authors were 
0.13, 0.04, and 0.08 percent higher than values ob- 
tained by interpolation in the present experimental 
results, at the three temperatures of their experi- 
ments: 26.9°, 58.7°, and 94.56° C, 

The results at each temperature were extrapolated 
linearly to zero pressure to obtain the values of 
CR, observed) listed in table 3 (b). These values 
were first compared with the most recently published 
theoretical ones [8, 23] and found to be 0.2 to 0.3 
percent higher. Reealculation of the theoretical 
values was made by W. S. Benedict and indepe n- 
dentally cheeked by H. W. Woolley [24]. The 
results are shown in table 2 on the line labeled 
“Benedict”. Two values interpolated in the Nation- 


al Bureau of Standards tables of “Selected values of | 


chemical thermodynamic [25], which 
were recalculated 


culations of Kassel [9], are also given. 


properties” 


A consideration of the possible errors of the various 


measurements involved in these heat-capacity deter- 
minations, as well as the precision of the results, and 
the agreement of the observed and calculated heat 
capacities of oxygen, leads to the conclusion that the 
error in the final values of (,/R at each pressure 
should not exeeed 0.1 percent. The extrapolated 
values of C,/R should therefore be reliable to 0.15 
percent, 


5.3. Equation of State of Carbon Dioxide 
It is assumed here that in the low-pressure region 


covered by these experiments the equation of state 
of carbon dioxide is of the form 


"RT +Bp, (2) 


»y Wagman from the older cal- 





where B is a function of the temperature. 
thermodynamic relation 


si 
oR T (2V r 
(sr) 


Op T yi ’ R 


oR 
~r or), 


must be satisfied by the second derivative of {he 
second virial coefficient, B. The values of the change 
in heat capacity with pressure, obtained in this re- 
search, are given in the last line of table 3 and plotied 
as circles in figure 5. Also in figure 5 are shown 
curves representing the right-hand side of eq 3 ob- 
tained from (1) the recent pVT isotherms of Mac- 
Cormack and Schneider [13]; (2) the Berthelot equa- 
tion, using the critical constants of Meyers and 
Van Dusen [26]; and (3) the Lennard-Jones potential! 
function [27,28]. The dashed curve affords a com- 
parison with other experimental work through the 
equation 


or 


C, Cc, 
ry)  (°R 
Op T ; ° oT 


° ~ (Sr). 1) 
, Fe 


where the values of the Joule-Thomson coefficient 
u, and its derivative were obtained by interpolation 
in the tables of Roebuck, Murrell, and Miller [29} 

A simple calculation shows that the quantity given 
by eq 3 is approximately | percent of the heat capae- 
itv and also | percent of the values of the second 
virial coefficient, in the region covered by this in- 
vestigation. ‘Therefore, if second virial coefficients 
could be determined to the same percentage accuracy 
as the heat capacities, the values of 0(C,/R)/dp 
calculated from the right-hand side of eq 3 would be 
about half as accurate (because of two differentia- 
tions) as those obtained from direct heat-capacity 


























A 4 76°, atm 























“50 ° 
TEMPERATURE °C 
Change of heat capacity of carbon dioxide with 
pressure as a function of temperature. 
©, This researeh; , MacCormack and Schneider [13]; 


son-Roebuck, Murrell “and oe [18]; -----~, Berthelot 
Jones 6-12 potential function 


Fieure 5. 


, Joule-Thom- 
~-—, Lennard- 





Wi 


wements. However, the limit of error gen- 
to be expected from good pvT measurements, 
hat given by MaecCormack and Schneider for 
work [7], is about 0.5 percent of the value of 
hisregion. As the heat-capacity measurements 
hought to be good to 0.1 percent, the values of 
}) Op obtained in this research are about an 
of magnitude more accurate than those cal- 
ed from second virial coefficients. 
1 comparisons made in figure 5 show that the 
ard-Jones function cannot be used successfully 
lculate the equation of state of carbon dioxide. 
iitempt was made to fit new Lennard-Jones 


tants to the results of this research, but un- 
onable values (b, 


25cm mole~! and e/k=—550°K) 


obtained. The difficulties presented by ellip- 


soidal molecules such as carbon dioxide have been 
mentioned by others [28]. 


The data of state of MaecCormack and Schneider 


are evidently adequate to give good second deriva- 
tives of the second virial, as shown by figure 5. 
Other empirical equations, such as van der Waals’ 
and the Beattie-Bridgeman equation, give curves 
similar to the Berthelot equation. 
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Mass Spectra of Deuteroacetylenes, Monodeuterobenzene, 
and Deuteronaphthalenes 


Fred L. Mohler, Vernon H. Dibeler, Laura Williamson, and Helen Dean 


Mass spectra at 70-volt ionizing voltage have been measured for C,H), C,HD, C,Dp, 


Colly, Co Hy D, CyHs, CyoH-D, and for a mixture of Cy Ds and Cy D,. 


In acetylene, benzene, 


and naphthalene it is possible to measure the isotopie purity at ionizing voltages below the 
appearance potential of any fragment ions and to correet the observed spectra of monodeutero 


compounds for isotopic impurity 


For C,HD the probability of removing the H atom is nearly twice as great as that of 


removing the D atom. 


In monodeutero benzene and naphthalene, on the other hand, there 


is no such selectivity, and it is possible to compute the spectra of the monodeutero compounds 


on the basis of equal a priori probability of removing a single H or D atom. 


By assuming 


that equal probability holds for doubly charged ions, the complete doubly charged ion spec- 


tra can be computed from the observed half-integer peaks. 


Similarly, the spectra of CywDs 


and CyHD, are computed from a speetrum of a mixture of the two compounds. 


1. Introduction 


There have been a number of papers published on 

the mass spectra of the simpler hydrocarbons con- 
—— one or more deuterium atoms [{1, 2, 3].' In 
coMpounds containing both D and H, the probabil- 
ity of removing H is greater and that of removing 
D is less than the probability of removing H in the 
hydrogen compound. 
ability of removing H is increased by a factor, 1.18, 
and that of removing D is decreased by a factor, 
0.45, as compared with the @ priori probabilities of 
removing H or D. In pa | in compounds con- 
taining two or more carbon atoms with several H 
atoms on each carbon atom, it is impossible to pre- 
diet what the spectrum will be when one deuterium 
atom is in a given position in the molecule. 
_ ‘This paper deals with three hydrocarbons contain- 
ing only one H atom on each carbon atom. These 
spectra were studied in the expectation that they 
would be simpler to interpret than mass spectra of 
compounds containing several H atoms on each 
carbon atom. 

Because the mass spectra of monodeutero hydro- 
carbons cannot be predicted, it is in general not 
feasible to measure the isotopic purity from the mass 
spectra obtained under standard conditions with 50- 
or 70-v ionizing potential. Wagner and Stevenson 
[4] have pointed out that one can obtain a direct 


measurement of isotopic purity at an ionizing poten- | 


tial so low that only the molecule ions are produced. 
In most hydrocarbons this requires a potential with- 
in a volt or two of the first ionization potential, 
and the sensitivity is very low. However, in acet- 
ylene, benzene, and naphthalene the molecule ions 
are very stable, and 5 or 6 v in excess of the first 
ionization potential are required to produce ions 
with one H atom removed. This permits an accu- 
rate measurement of isotopic purity and an unam- 
biguous derivation of the monodeutero spectra of 
these compounds. 

Mass spectra were measured with a model 21-102 
Consolidated mass spectrometer, using standard 


TT 
' Figures in brackets indicate the literature references at the end of this paper. 


Thus in CH,D [3], the prob- | 





| operating conditions and an ionizing potential of 


70 v for the spectra tabulated. For the purity 
measurements at low ionizing potential, the ion 
drawout voltage was supplied by a battery instead 
of using the standard circuit. 


2. Deuteroacetylenes 


The authors have previously published mass spec- 
tra of deuteroacetylenes [5]. The measurements 
have been repeated, and the C,HD spectra are con- 
sidered more accurate than before. C,H, was made 
by the reaction of distilled water on commercial cal- 
cium carbide, and C,D, was made by the reaction of 
D,O on calcium carbide. Commercial calcium car- 
bide contains some calcium hydroxide from contact 
with atmospheric moisture, and this contaminates 
the D,O product gas with C,HD. Prolonged baking 
of the carbide in a vacuum at 700° C reduced this 
contamination but did not eliminate it. The C,D, 
contained 1.7 percent of C,HD. The C,HD con- 
tribution was subtracted from the observed spectrum, 
using the pattern given in table 1 in the final approx- 
imation. 


Tape l. Mass spectra of acetylenes* 


Cry CHD CD 


Relative 
intensity 


Relative 
intensity 


Relative 


Ion intensity 


C)Hy 100 


C,H 23.0 
Cy... 6.9 
Cir... OM 


(4. 25) 
3.22 
CyHy* (2.70) 
Sum M4 
Sensitivity 110 


cH 
cr 


ption that doubly charged 





® Values in bp ee are 


1 on the 
ions give equal contributions in all three spectra. 


C,HD was not made, but a mixture of acetylenes 
with about two parts of D,O and one part of H,0 
reacting with carbide was made. he relative 





ints of C,H,, C,HD, and C,D, were measured 
voltage below the appearance potential of C,D* 
C.HD and C,D,. Kusch, Hustrulid, and Tate 
ve the appearance potentials of C,H,* and C,H* 
2and 17.8 v. It was verified that the appear- 
potentials of C,H,* and C,D,* are equal within 
imental error and that the ionization efficiency 
es are identical, The ionizing voltage was set 
below the appearance potential of C,H* of C,H, 


(,D* of C,D, and the ratios of the peaks of | 


os 26, 27, and 28 in the mixture were measured. 

contributions of C,H, and C.D, were subtracted 
| the mixture spectrum, using the patterns given 
ible 1. 
lable 1 gives the spectra of the three acetylenes at 
Tu-y ionizing potential with the contributions of C, 
isotopes subtracted. These spectra are nearly iden- 
tical with spectra previously published by two of the 
authors [5]. Inthe C,HD spectrum, the ion C,HD** 
al 13!5 is 2.70 percent of the maximum peak. It is 
assumed that in C,H, and C,D, doubly charged ions 
make an equal contribution to the peaks at m/e 13 
and 14, respectively, and 2.70 has been subtracted 
from the observed relative intensity to derive the 
values of CH* and CD*. 

The relative intensities in the spectra of C,H, and 
C.D, are similar but not identical. The sensitivities 
current per unit pressure) for the molecule ions are 
equal within experimental error, and the sum of the 
relative intensities of all the ions is slightly less in 
the deuterated compounds. Similar relations be- 
tween hydrogen compounds and deuterium com- 
pounds are found in methane [3], ethane, and diborane 
[7] 

In C,HD the a priori probabilities of removing H 
and D are equal, but the observed ratio C,D*/C,H* 
is nearly 2 (accurately 1.92). The sum of the two 
peaks, 22.4, is intermediate between C,H* and C,D* 
in the other two spectra. The ratio CD*/CH* 
1.20, and the sum of the relative intensities for the 
two ions, 4.14, is nearly equal to CH* of C,H). 
Thus, when contributions of ions containing one D 
and one H are added, the whole spectrum becomes 
much like C,H,, and the sum of all the ions is nearly 
equal to the sum for C,H,. The sensitivities are 
also nearly equal, but the experimental uncertainty 
is rather large for C,HD, as C,HD was less than a 
third of the mixture analyzed. 


3. Monodeuterobenzene 


(.H,D was made by a Grignard reaction, and an 
isotopic analysis of the product gas was made at 
low voltage. Hustrulid, Kusch, and Tate [8] found 
the appearance potentials to be 9.8 v for CyH,* 
and 14.5 v for CyH,*. Using ordinary benzene, the 
ionizing Voltage was set below the appearance poten- 
tial of CJH,*. With this ionizing voltage the inten- 
sity of the 78 peak in the deuterated benzene relative 
to the 79 peak gives a sensitive measurement of the 
amount of CyH, in the C,H,D. The sample used 
contamed 3.2 percent of C,H, and 96.8 percent of 
CHD, with no evidence of any other impurities. 

Column 3 of table 2 gives the spectrum of C,H,D 


at 70-v ionizing voltage. This spectrum has been 
corrected for the contributions of C,; and C,H, to 
the observed spectrum. Column 2 gives the C,H, 
spectrum measured under similar conditions. Val- 
ues marked with letter “a” are corrected for the con- 
tribution of doubly charged ions computed on a basis 
described later. 

TABLE 2. Mass spectra of benzene and monodeuterobenzen¢ 
Sensitivity relative to the 43 peak of n-butane (78 of C«He, 1.34; 79 of CoHsD, 1.36), 


CoH sD CoHyD 


Ob- 
served 


Com- 
puted 


Ob- 
served 


Com- 
puted 


5. 3h 


100 108 5. 59 §.: 
6.44 


11.7 5 7 * 6.81 
2.70 
O5 


a3 


19 
su 
iu 
2 4 
i) 
WV 
“v9 
st 
13. : 25 
14.6 ; “4 
16. 1 i Hs 
12.6 
2.48 
0.40 


* Values corrected for doubly charged ions 


relative intensities 


Column 4 of table 2 gives 
on the assumption 


computed from those of CyHg, 
that there is equal probability of removing an H 
or D atom in forming a fragment ion. Thus, when 
one of six equivalent atoms is removed, as tn form- 
ing C,H? from C,H, or CysHe and CyH,D* from 
C,H,;D, the relative intensities on this assumption 
are 6:1:5. The observed fact that the 78 peak 
(C,H,D*) of CyH,;D is almost exactly 5/6 of the 
77 peak (C\H;) of C,H, is a strong indication that 
the probabilities are equal. This is in marked 
contrast to the case of monodeutero acetylene, 
where the C,D* peak is nearly twice the C,H* 
peak. 

The remaining computed relative intensities in 
table 2 were obtained by extending the compu- 
tation in a simple manner. When there are six 
equivalent atoms, one of which is D, the chance 
of removing D is 1/6, if one atom is removed: 
2/6, if two are removed; 3/6, if three are removed, 
ete., and the chance of removing only H’s is, of 
course, | minus the above fractions. These rela- 
tions are assumed to hold when carbon-carbon 
bonds are broken, as well as when only C—H 
bonds are broken. 

In the C,;H;D spectrum most of the peaks con- 
tain contributions from two ions. For example, 
at mass 77 there is C,H? (computed intensity 
1/6X13.8=2.30), and C,H,;D* (computed inten- 
sity 2/34.22=2.87), giving a total computed 
intensity of 5.11 as compared with 4.46 observed. 

It will be noted in table 2 that the agreement 





of computed and observed intensities is least satis- 
factory for Cy ions containing one to four hydrogen 
atoms. However, in most of the benzene spec- 
trum the observed C,H,D spectrum is in very 
satisfactory agreement with the computed spec- 
trum. Peaks 28, 27, 15, and 14 inthe C,H, spectrum, 
corresponding to ions C,H}, C,Hy, CHy, and 
CH;, involve rearrangements of H atoms in the 
ionization process. The agreement between ob- 
served and computed intensities in the C,H,D 
spectrum is just as good in these cases as in cases 
where simple dissociation is involved. 

The observed peaks 37, 38, and 39 in both C,H, 
and C\H,D spectra contain contributions from 
doubly charged ions of mass 74, 76,and 78. Doubly 
charged ions of odd mass number give half-integer 
peaks and are observed, while ions of even mass 
number coincide with peaks of singly charged ions. 
On the basis of results in table 2 it seems safe to 
assume that doubly charged ions in the two spectra 
are also related by simple a@ priori probability 
considerations. If this is assumed, the observed 
half-integer peaks in the two spectra permit com- 
putations - the complete doubly charged ion 
spectra of both molecules. 

The data are shown in table 3, where the values 
in parentheses are computed values. The 39% 
peak of C,H,D is the doubly charged molecule 
ion, and it is assumed that in the C,H, spectrum 
C,H? * makes an equal contribution to the 39 
vak. The 38% peak of C,H, is C,He*. The 
ion C,H,D** and C,H?* of the monodeutero 
compound are assumed to be 5/6 and 1/6 of the 
first peak, or 0.31 and 0.06. The 38}, 
C,H;D is 1.79, and it comes from C,H,D** and 
C,Hs*. Subtracting the computed value of C,H; * 
oe C,H,D** as 1.73. C,He* of C,H,D will 


xv 1/2 of 1.73, and C,H; * of C,H, will be 3/2 of | ot watee. 


1.73. Similarly, C,H} * of CyH, gives the C,H,D** 
peak of C,H,D, and the C,HD** peak of C,H,D 


Taste 3. Doubly charged ions of CoHg and CgH,D 


Observed values 


Colle CyeHyD 


*0OmD 
37 
1.22 
0.06 


Complete spectrum of doubly charged ions > 


Colle CHD 


Relative 
intensity 


Relative 
intensity 


Relative 


intensity Ton 


Ion 
| 


(44) CoHyD 
0.37 CHAD 
C.HyD 
j : | 1.2 ChHyD 
‘ ‘ CHD 
. 0 Cyd 


a4 
(0. 31) 
(1. 73) 
(0. 61) 
(29) 
Col) 


Cols 
Cooly 
Colly (61) 
Coy «u) 
CoH 05 


(0. 06) 
(. 87) 


| 


\ 


* This C}'H{* isotope peak indicates a value of 3.0 for CPH{*. 


> Values in parentheses are computed on the basis of @ priori probabilities from 
the observed values. 


peak of /CyH;D sample contained 3.30+0.05 percent of 





gives CyH}* of CyHy. There are two checks 
these computations. The small 364 peaks a 
the ratio 6 to 5 as expected, and the 39's pea 
C,H, containing one C atom is of the expe 
magnitude. From the data of table 3, co 
butions to the 37, 38, and 39 peaks of both sp 
are computed, and the corrected singly cha: 
ion spectra of table 2 are derived. It is to 
noted that C"™ isotope corrections to the orig 
data have to be recomputed by use of succes 
a to inatiadie contributions from dou! 


charged ions. 


4. Deuteronaphthalenes 


Naphthalene, C,Hy,, consists of two benzene rings 
with two carbon atoms in common, and there is a 
difference in chemical bonding of the four H atoms 
adjacent to the central carbon atoms (the alpha 
positions) as compared to the other four atoms 
(beta positions). William G. Dauben, Department 
of Chemistry, University of California, furnished 
samples of alpha monodeutero naphthalene and of 
perdeutero naphthalene. A comparison spectrum 
of ordinary naphthalene was obtained with an NBS 
Standard Sample. 

In naphthalene, as in benzene and acetylene, one 
can make accurate measurements of the relative 
abundance of isotopes at a potential below the 
appearance potential of the ion C\H?. This is over 
5 v above the appearance potential of the molecule 
ion, but there are no published data on this. The 


CyoH,, and the C,,.D, sample contained 13.4 percent 


_ of CyD;H and 1 percent of CyD,H,. The naphtha- 


lenes were of good chemical purity, except for a trace 
The effect of water is magnified because 
the vapor pressure of naphthalene is much less than 
that of water. The naphthalene is adsorbed to some 


extent in the inlet system, and the different isotopic 


samples were run on different days after pumping 
overnight to avoid contamination of one sample by 
another. These circumstances make experimental 
errors somewhat greater than for the benzenes. 
Table 4 gives in the first three columns the mass 
spectra of CyH, and C\oH;D corrected for the C" 
contribution, for 3.3 percent of CjoH, in the mono- 
deutero compound and for doubly charged ions. 
The a priori probability of removing H and not D 
from CyH;D is 7/8, and CyH,D* (mass 128) is 
almost exactly 7/8 of CyH? of CH. The fourth 
column gives values computed from the CyH, 
spectrum purely on the basis of a priori probabilities 
of removing H and not D and of removing D. The 
probabilities of removing two to seven H atoms are 
3/4, 5/8, 1/2, 3/8, 1/4, and 1/8, and the probabilities 
of removing D are given by 1 minus these fractions. 
As in the case of benzene, approximate agreement 
is found in all cases and agreement well within 
experimental error in two-thirds of the cases. The 
fact that the eight H atoms are not chemically 
equivalent does not seem to be a complication. 





‘oubly charged ions contribute to many of the | considerations. This is probably not accurately 
- of mass 64 and less, and some of the corrections | true, as two peaks computed on another basis give 
large. Table 5 gives the doubly charged ion | slightly different values. The 64 peak of CyH, i 
rrum of Cy H« and ( ‘oH, D computed from the | mostly CyHs* and is definitely smaller than 
-ved half-integer peaks in both spectra, assuming | CyH,;D**. The CJHy* peak of C\oH, is computed 
pectra are related purely by a priori probability | from the C,, isotope peak of this ion and again is 
somewhat less than CJH,D** +C.H, * of the deutero 

Mass spectra of naphthalenes, Cys and CwH:D | compound. Table 5 omits some small peaks of less 

than 0.1. 

The rather large amount of C,,D-;H in the C,,D, 
compound makes computation of the C,,.D, spectrum 
Ob- | Com on - | Com less accurate than the data for the other compounds, 
erves | pune — but the results of table 4 justify the = that 
both the C,,.D;H spectrum and the C\)D,. spectrum 
can be computed from the mixture spectrum on the 
basis ef a priori probability considerations. As 


CwH:D CywH:eD 


Hs 


loo 1OO 7 LL“ 


: Ss) 20) 31 these assumptions are only approximately true, we 


Taste 5. Doubly charged ions of CyHs and CyH;D* 


Hs CyeH:D 


Relative Relative Relative 
intensity intensity intensity 


b’ 10 ‘wH> 12 
0.9 “ 0 
(3.! “wHs 2 
0: ‘ ) 


CoHy 4 


CoH 10) 


® Values in parentheses are computed on the basis of @ priori probabilities from 
| the other values 
>» Computed from the observed peak at mass 64, with a small correction for 
Cs, estimated on the basis of CsH) D+ of CwoH;D. 


» Values corrected for doubly charged ions, | e Computed on the basis of the C™ isotope peak of Cel, 


P Tare 6. Partial mass spectra of CDs and CyD-H 


CwDe Cy»D;H 


Relative intensity Relative 


Relative Relative a intensity, 


nte y intensity . 
entenest Observed Computed computed 


CwDs CyDrH 100 
CwD: CDH 6.9 
CwDs 3.4 CDs 

CywDs 


CDs §. ie | CsDsH 
CDs : DH 
CeDy : ‘DoH 
CKDs a ‘DoH 
CeDe ig C.DH 
C.D ‘ CH 


CeDe P C.D HH 
CeDs 3. C.D 
CoD, ° 2.6 C.DsH 
C6Ds R 3. 0 C.D 
CeDe 3.3 C.DH 
C.D 


CiDy 3.82 | CyDeHl Lm |- 143 | CiDs 
CDs 7 | CDH 2 | sD: 
2 CH . Cyd 


C,D:H . f CDs 
| C,DH .6 CD» 
C,H 

Cc * DH 
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ean disregard the contribution of 1 percent of 
(',,D,H, to the spectrum. In the CD, spectrum, 
only peaks of even mass number will appear after 


correction for C™ and doubly charged ions. The | 


odd-integer peaks come from the C,,D HL fragment 
ions that contain H and from doubly charged ions, 
whereas half-integer peaks come only from doubly 
charged ions containing H. 
should permit computation of the singly and doubly 
charged spectra of both compounds. In practice, 
however, the half-integer peaks are very small, and 
computations of doubly charged spectra are inac- 
curate, For this reason, data on doubly charged 


fragment ions and on singly charged ions containing | 


five or four carbon atoms are omitted. Also, for 
brevity, the small peaks containing seven carbon 
ions are omitted from table 6. 

In table 6 ions are identified by the chemical 


formulas to facilitate comparison of corresponding | 
ions. Columns | and 2 repeat from table 4 the | 
Columns 3 and 4 give the observed | 
| in benzene and napthalene is correlated with the 
_ evidence that there seems to be a complete rearrange- 


CoH, spectrum. 
(',,D. speetrum after correction for the contribu- 
tion of C\D,H to this spectrum, Columns 5 and 


6 give the observed C,.D;H peaks of ions containing | 
IH, normalized to make the C\)D;H peak 100 (actually | 


it is 15.7% of CyDO. Column 7 gives values of 


these peaks computed from the CD, spectrum, | 
and columns 8 and 9 give the computed values of | 


the ions containing D but not HH. 
The procedure in making computations can be 
illustrated by the second line of data in table 6. 


The observed CyD,H* peak is 6.94 relative to | 
CDH, and CD," of CDH will be 1/7 of this, | 


or 0.99, 15.7 percent of this, or 0.16, is to be sub- 


tracted from the 134 peak to give C,D,* of CyDy. | 


os 7.00. The computed value of C,.D H is 7/8 of 
this, or 6.92, in accurate agreement with the observed 
value 6.04. Table 6 includes the doubly charged 
molecule ions. Cy D,** is computed on the basis of 
the 68 peak, with a small correction for C,D,*. 


(',D,° is assumed to be equal to C,H,D* of CyH,D | 


(table 4), or 0.16. 


' 
In general, observed and computed values of 


columns 6 and 7 are not accurately equal, but exper- 
imental uncertainties are large because C,,D,;H is 
only 16 pereent of CyDy. TH 

Cyl’? and C,D.* is probably a real difference. 


CD t, CyD-H'*, and CyH;D** are all equal to | 


12.0 within experimental error. 


5. Conclusion 


The spectrum of C,HD resembles ry of other 


hydrocarbons containing both H and D that have 
been studied previously, in that it shows a strong 
selective effect for removing H in preference to D. 
In CHD the probability of removing H as compared 
with the probability of removing D is 1.92. In the 
deuteromethanes the ratios are 2.6 times the @ priort 
probability for CH,D, 2.5 for CH,D,, and 1.6 for 
CHD,. The result obtained with acetylene shows 
that this selectivity does not depend on having H 
and D atoms on the same carbon atom. 


These considerations | 


| mass — of the isomeric molecules. 





he difference between | 





It is surprising to find that this selective eff, 
absent or very small in C,H,D and C,yH,D. 
probability of removing H and not D from ( 
molecules is almost exactly equal to the a » 
probabilities, and the complete spectra of C,) 
and C\H;D can be computed from CyH, and ¢ 
spectra. The agreement with experiment is 
perfect, but the method gives a good approxima 
The results justify computation of the speectrs of 


CD, and C\).D;H from a mixture of 86 percent of 
| the first compound and 13 percent of the second 


compound, In most hydrocarbons there is no basis 
for making such a computation. There is a signifi- 
cant difference between corresponding mass peaks 
of Cyl, and CyD,, which is comparable with the 
difference between C,H, and C,D,, and CH, and 
CD, [3], and C,H, and C,D, [7]. The probability 
of losing D atoms is less than that of losing H atoms. 
but fragment ions involving breaking of C-C bonds 
may be either greater or less in the deutero compound, 

Possibly the absence of a selective isotope effect 


ment of atoms in any ionization process involving a 
benzene ring. This is illustrated by the mass 
spectra of the four monodeuteromethyl benzene 
molecules that have been published in the AP! 
catalog of mass spectral data [11]. There is no 
significant difference between the molecules with D 
in the three different ring positions. However, the 
methylbenzene with D in the methyl radical differs 
from the other compounds in a manner consistent 
with its structure, and CH,D* is large and C,H,D* 
small or absent when D is in the methyl group. It 
is also true that when two or more methyl radicals 
are attached to the benzene ring their relative 
positions make very little difference in the resulting 
This is not 
an explanation of the nearly random loss of H and 
D from aromatic rings, but only a suggestive 
correlation. 
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In luence of Nitrogen on the Notch Toughness of Heat- 
T:eated 0.3-Percent-Carbon Steels at Low Temperatures’ 


Glenn W. Geil, Nesbit L. Carwile, and Thomas G. Digges 


Charpy impact tests were made at temperatures ranging from — 196° to + 100° C on 
fully hardened and tempered specimens of 0.3-percent-carbon steels with variable nitrogen. 
The transition from ductile to brittle fractures was affected by both the amount and 


form of the nitrogen in the steels. 


Fixation of the nitrogen as aluminum nitride was bene- 


ficial, as the aluminum-treated steels had considerably lower transition temperatures than 


those of the steels not treated with aluminum, 


1. Introduction 


|) is now widely recognized in the field of metal- 
lurey that ferrous metals, such as ordinary carbon 
and low-alloy steels, exhibit a characteristic loss of 
fouvtness when certain low temperatures are reached. 
This decrease in the toughness of the steel may occur 
near room temperature or at much lower tempera- 
tures, depending upon the composition, manufac- 
turing process, subsequent treatment of the steel, 
and method of applying stress. Under the condi- 
tions of stress imposed by a notch and at some tem- 
peratures or range of temperatures, the behavior of 
the steel can be expected to change from tough to 
brittle. This change is generally accompanied not 
only by a decrease in ductility but also by a change 
in the appearance of the facture surface of the steel, 
the fracture surface changing from a fibrous to a 
vranular type as the temperature is lowered from 
above to below this transition. 

Different methods of testing are employed for 
determining the transition temperature of various 
materials [L to 8]? A convenient and widely used 
method consists of breaking notched specimens, 
such as Charpy V- or keyhole-notch, in impact at 
accurately controlled temperatures. However, it 
should be pointed out that the transition tempera- 
ture as determined by one method may not agree 
closely with that obtained with some other method. 
In general, the transition temperature is lowered as 
the test conditions are changed from fracturing in 
impact to tension, and still lower values are obtained 
in torsion. As the primary purpose of the present 
investigation was to study the specific influence of 
nitrogen on the notch toughness at low temperature 
of fully hardened and tempered specimens of 0.30- 
percent-carbon steels, a single test method was used. 
This eliminated the many variable factors arising 
from differences in test methods. The results to 
be reported are those obtained on Charpy V-notch 
specimens fractured at temperatures ranging from 

196° to +100° C. 


2. Previous Investigations 


Many investigators have om Og studies on the 


notch toughness of ferritic steels in which the effects 
investigation was sponsored in part by the Ordnance Department, 
W wn Arsenal 
res in brackets indicate the literature references at the end of this paper. 





of oxygen, nitrogen, and aluminum have been dis- 
cussed. Results of several investigations |3, 9 to 12] 
indicate that oxygen in the steel in solution or as 
iron oxide, manganese oxide, ete., has a strongly 
detrimental effect on the mechanical properties at 
low temperatures. Deoxidation of steel with alu- 
minum, silicon, vanadium, titanium, or zirconium 
generally improves the mechanical properties at low 
temperatures [9, 11, 13 to 21]. As most of these 
deoxidizers are also effective as grain refiners and 
several also tend to combine with the carbon and 
nitrogen to form carbides and nitrides, their influence 
on the notch toughness of steel cannot be attributed 
solely to the removal of the oxygen. The notch 
toughness increases with decrease in the ferrite grain 
size [22 to 26], and it also may be affeeted by the 
amount and form of the nitrogen in the steel. 

Fast [9] found that the energy absorbed by high- 
purity iron in notehed-bar impact tests at room 
temperature decreased with increase in the amount 
of oxygen present; the effect was small for iron in 
which the carbon is 0.002 percent or more; the addi- 
tion of 0.018 percent of oxygen to the iron raised 
the transition temperature about 50 deg C. Allen 
[12] reported from the results of tests made with 
Charpy V-notch specimens, that the transition 
temperature of normalized high-purity iron was 
affected markedly by its oxygen content; as soon as 
the oxygen increased above 0.003 percent, the transi- 
tion temperature began to rise sharply. This notch 
brittleness in impact is attributed by both Fast and 
Allen to a grain boundary film of iron oxide, causing 
a weakening of the cohesion at the grain boundaries. 

According to Fast [9] the presence of nitrogen in 
high-purity iron does not appreciably affect the 
low-temperature properties, but it is the cause of 
blue brittleness, that is, a decrease in absorbed 
energy in notch-bar impact tests in the range 360° 
to 460° C. Other investigators [8, 10, 27] also 
have attributed the blue brittleness of steel to 
nitrogen or nitrogen precipitates. However, Hult- 
gren and Chang [28] recently reported that an 
iron nitride precipitate is not a cause of embrittle- 
ment of oe The data obtained in many investi- 
gations [11, 15, 27, 29 to 34] indicate that nitrogen 
increases the aging and strain sensitivity of certain 
steels and irons. Some of these data also indicate 
that nitrogen decreases the notch-bar impact values 
and increases the transition temperatures. Nitro- 
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gen influences the grain size of steel, and this affects 
the low-temperature properties. Sufficient data are 
not vet available to permit a separate analysis of 
these effects 

The beneficial action of aluminum on the tough- 
ness of steels at low temperatures has been attrib- 
uted by several investigators [11, 15, 29, 30] to the 
fixation of the nitrogen as aluminum nitride. Ni- 
trogen in the form of iron nitride or manganese 
nitride is believed to contribute more to strain sen- 
sitivity and embrittlement than nitrogen present as 
aluminum nitride. Work and Enzian [11] postu- 
lated that the presence of aluminum nitride in steel 
may even have a beneficial effeet. They stated, 
“It seems probable that the form in which oxygen 
or nitrogen is present in the steel has a greater 
bearing on the properties than the total content of 





additions of calcium cyanamide (technical ge «4. 
were made to the molten charge just before ¢. ..;). 
dizing with 0.10 percent of aluminum and pov, ing 
Each ingot was hot-rolled into a plate 0.5 to 6 5 jy 
thick, and all test specimens were prepared por, 
these plates after normalizing (heating at 1,65° pF 
for | hr, followed by cooling in air). Merallo- 
graphic examination of the normalized plates showed 
moderate to pronounced ferrite banding. 

The Charpy specimens were rough machined to 
approximately 0.43 in. square by 2.16 in. long 
These over-sized specimens were placed in a furnace 
at 1,575° F, and, after 30 min, were quenched jy 
water at room temperature, tempered at 1,000° F 
for | hr, and air-cooled to room temperature 
At 1,575° F, the steels treated with aluminum were 
fine-grained, whereas the steels not treated with 


either element.” / aluminum were of mixed grain size (table 2). 
Because of this variation in grain size at 1,575° F. 
additional specimens of the steels not treated with 
aluminum were quenched from a lower temperature 
(1,500° F) at which they were also fine-grained, 
The heat-treated specimens were then wet ground 
to size (ends not ground) and notched with the 
notch located at right angles to the rolled surfaces 
of the plates and normal to the direction of rolling, 
as illustrated in figure 1. 

Hardness tests (Rockwell C) were made at room 
temperature on the Charpy specimens after frac- 
turing; two or more readings were made on each 
specimen. Each hardness value given in table 2 
is the average obtained from the entire number of 
specimens of that steel. The hardness was quite 
uniform in all the specimens heat-treated from a 
selected steel, but the average hardness of the 0.9- 
percent-manganese steels was slightly lower than 


3. Steels and Procedures 


The composition of the steeis used is given in 
table 1. Each steel contained about 0.30 percent 
of carbon, 0.25 percent of silicon, and about 0.9 or 
1.6 percent of manganese, The nitrogen and oxy- 
gen contents varied with the practice used in pro- 
cessing the heats. 

The procedure for processing these steels is de- 
scribed in some detail in previous reports [35, 36). 
Essentially, the procedure consisted of using ingot 
iron as the base of 200- to 300-lb charges, melting 
in a magnesia-lined induction furnace without slags, 
and pouring into big-end-up steel molds of about 
50-lb capacity each, equipped with hot tops; steel 
41 was prepared from a melt under slag. In pre- 
paring the series varying in nitrogen content, 


Taste tl, Chemical composition of steels—porcentage by weight 


The ingots and determinations for carbon, manganese, phosphorus, sulfur, and silicon were made at the Battelle Memorial Institute. These elements were deter- 
mined on drillings from the ingot at the base of the hot toy Analyses for nitrogen, oxygen, hydrogen, alumi | i nitride, and aluminum oxide were made 
st the National Bureau of Standards on samples prepared from the fractured Charpy specimens by methods as follows: Total nitrogen, oxygen, and hydrogen by 
vacuum fusion; aluminum nitride as described by Beeghly [37], aluminum oxide by po in HNOs; aluminum by spectrochemical analysis. The determinations 

for the gases and their compounds are considered to be accurate to within approximately +0.001 percent 
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th» of the steels containing 1.6 percent of manganese. 
» noteched-bar impact tests were carried out in 
cate at temperatures ranging from 196° to 
C in a Charpy machine of 224.1 ft-lb capac- 
vith a striking velocity of the hammer of 16.85 
The specimens, except those tested at room 
erature, were immersed in an insulated bath 
. desired temperature for a minimum time of 
in and then quickly transferred to the impact 
machine and broken. The total time elapsing 
between the removal from the bath and the breaking 
of (he specimen in the impact machine ranged from 
-to dsee. For the tests at —196° C, the insulated 
bath contained liquid nitrogen. For the tests at 
and —160° C, the insulated bath contained 
dichloro-difluoro) methane (Freon 12), and the 
desired temperature was maintained by the con- 
trolled passage of liquid nitrogen through a copper 
voll ummersed in the bath. For the tests at —78°, 
7To°®. —40°, and —35° C, the insulated bath con- 
tained equal parts by volume of carbon tetrachloride 
and chloroform, and the desired temperature was 
maintained by regulated additions of solid carbon 
The temperatures of the specimens in the 
refrigerant bath were measured by means of a 
thermocouple and a precision potentiometer. For 
the tests at + 100° C, the specimens were heated in 
a bath of boiling water in which a small amount of 
sodium chromate had been added as an inhibitor to 
corrosion, 


17t) 


dioxide. 


4. Results and Discussion 


The relation between the energy absorbed in 
fracturing Charpy V-notch specimens and test tem- 
perature for the different steels is shown in figures 


2 to 5 


In these figures, the value for energy re- | perature, as given in figures 2 to 5. 
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Figure 1. Dimensions of Charpy specimen and its location 
in relation to the direction of rolling of the plates 


quired to fracture each specimen is plotted against 
the test temperature, and smooth curves are con- 
structed to represent the energy-temperature rela- 
tionship. An interesting feature is the close 
agreement of the notch toughness values for duplicate 
tests even in the transition temperature range in 
which considerable scatter is normally expected. 
Various criteria have been used for evaluating the 
data obtained in notch-bar impact tests, and no 
single criterion or group of criteria has been accepted 
as a standard. The specific criterion used depends 
primarily upon the type of test and objective of the 
investigation. In the present study, the evaluation 
of the test data is based mainly on the curve showing 
the relation between energy absorbed and test tem- 
The transition 


lante 2. Heat treatment, austenite grain size, hardness, transition temperature, and energy absorbed at 20° C of Charpy V-notch 
specimens 
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Heat treatment B; quenched from 1,500° F, tempered at 1,000° F 
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treated with aluminum. 


Refer to table 2 for heat treatments A and B. 
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Relations of testing temperature to the energy absorbed 
and appearance of the fracture of Charpy V-notch specimens 
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Relations of testing temperature to the energy 
absorbed and appearance of the fracture of Charpy V-note! 
specimens of 0.3-percent-carbon, 0.9-percent-manganese steels 
treated with aluminum. 
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perature from tough to brittle behavior is desig- 

das the temperature at which the energy ab- 

ed is the mean of the highest and lowest values, 

is. mean value for tests made at +1060° and 

we? C, respectively. The mean energy value 

rs approximately at the position of the greatest 

of the curve. Thus this transition temperature 

corresponds to that at which the rate of decrease 

in energy is a maximum with decrease in test 
teneperature, 

The appearance of the fractured surfaces of 
Charpy V-notch specimens also shows a correlation 
with the shape of the above curves. A dull, fibrous 
appearance With considerable deformation is char- 
acteristic of Charpy impact fractures of a tough 
material, whereas a bright granular or crystalline 
appearance With very small deformation is typical of 
a brittle material. Partly fibrous and partly granular 
fractures are often obtained in specimens tested in 
the transition range from tough to brittle material. 
This correlation is evident by a comparison of the 
curve representing the estimated percentage of 
cranular fracture at each test temperature (average 
of duplicate specimens) with the curves based on 
energy values. A transition temperature of each 
steel when based upon 5€-pereent granular fracture 
corresponds fairly closely to that as determined by 
the energy-temperature curve (table 2). 

The influence of variation in the chemical compo- 
sition of the 0.3-percent-carbon steels used in this 
investigation on the transition temperature and the 
notch toughness at low temperatures is summarized 
in figures 6 to 12. The straight lines shown in these 
figures were determined by the method of least 
squares. 

The influence of nitrogen on the notch toughness 
at room temperature and on the transition tempera- 
ture of the aluminum-treated steels is shown by the 
data given in figures 6 and 7. The slope of the 
straight line for the notch toughness at room temper- 
ature of the 0.9-percent-manganese steels (fig. 6) is 
significantly different from zero,’ whereas the slope 
of the line for the 1.6-percent-manganese steels is 
not significantly different from zero. Although there 
was a slight trend with the 0.9-percent manganese 
steels for the energy absorbed at room temperature 
to decrease as the nitrogen was increased, this trend 
is not believed to be of practical importance; all of 
these aluminum-treated steels are classified as notch 
iough at room temperature (range of about 50 to 
70 ft-lb). However, a definite and significant trend 
is shown in figure 7 in that the transition temperature 
of these steels was lowered as the nitrogen was 
increased. 

Both iron and manganese nitrides have been re- 
ported as being detrimental to notch toughness at 
low temperature. Chemical analyses, therefore, 
were ars to ascertain the form of the nitrogen in 
the present steels. The results given in table 1 show 
that the nitrogen in the aluminum-treated steels was 
in the form of aluminum nitride. Thus, when the 


method used to determine significance is essentially that reported by 
r tN) 


aluminum nitride is plotted against the energy ab- 
sorbed at room temperature and the transition tem- 
perature, relationships are obtained that are similar 
to the above, as is illustrated for the latter in figure 8. 
This evidence, therefore, indicates that high nitrogen 
present in the form of aluminum nitride was bene- 
ficial to the notch toughness at low temperature of 
these 0.3-percent-carbon steels, containing either 0.9 
or 1.6 percent of manganese. Sufficient data are not 
available to determine the rele of dissolved (un- 
combined) nitrogen on notch toughness of these 
steels. 
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Figure 6. Effect of the total nitrogen content of 0.3-percent- 
carbon steel on the energy absorbed in impact tests at room 
temperature with Charpy V-notch specimens. 

@, 1.6-percent-manganese steels, not treated with aluminum; ©, 1.6-percent- 
manganese steels, treated with aluminum; A, 0.9-percent-manganese steels, 
treated with aluminum. te 
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Figure 7. Effect of the total nitrogen content of 0.3-percent- 
carbon steel on the transition temperature of Charpy V-notch 
specimens, 

@, 1.6-percent-manganese steels, not treated with aluminum; ©, 1.6-percent- 
manganese steels, treated with aluminum; A, 0.9-percent-manganese steels 
treated with aluminum. 
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Fiaure 10. Effect of the aluminum oaride content of 0.3-per- 

cent-carbon steel on the transition temperature of Charpy 
V-notch specimens. 

@. 1.6-percent-manganese steels, not treated with alum inum; ©, 1.6-perernt, 
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Fieurte Ll. Effect of the uncombined aluminum content of 0.3- 
percent-carbon steel on the energy absorbed in impact tests at 
room temperature with Charpy V-notch specimens. 

@. | 6-percent-manganese steels, not treated with aluminum; ©, 1.6-percent 
manganese steels, treated with aluminum; A, 0.%percent-manganese steels, 
treated with aluminum 
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Ficure 12. Effect of the uncomhined aluminum content of 0.3- 
percent-carbon steel on the transition temperature of Charpy 
V-notch specimens. 


@. 1.6-percent-manganese steels, not treated with aluminum; ©, 1.6-percent 
manganese steels, treated with aluminum; A, 0.9-percent-manganese steels, 
treated with aluminum. 


A noteworthy feature is the relatively high transi- 
tion temperature of the three steels not treated with 
aluminum (values shown as dark circles in figs. 6 to 
12). As the notch toughness of certain heat-treated 
steels is known to be affected by wide variations in 
austenite grain size, and as the average grain size at 
1,575° F of the steels not treated with aluminum was 
coarser than that of the aluminum-treated steels 
(table 2), additional tests were made on fine-grained 
Charpy specimens of the former steels when quenched 
from 1,500° F, followed by tempering at 1,000° F. 
The results, summarized in figure 2 (compare results 
of heat treatments A with B) show only minor, if any, 
decreases in transition temperature with a change in 
austenite grains from ASTM No. 4-5 to No. 7-8. 
The observed difference in transition temperatures 
between the steels treated with aluminum and the 
steels not treated with aluminum, therefore, cannot 
be attributed to a grain size effect. 





‘etallographic examination of the cross sections 
ired from each of the heat-treated steels (all 
included in table 1) showed no indication of | 
ferrite. Evidently, the relatively high transition 
erature of the steels not treated with aluminum 
it due to the presence of free ferrite in the heat- | 
ied Charpy specimens. 
is believed that the inferior properties at low 
peratures of the three steels not treated with 
minum may be attributed to the presence of ni- | 
es and oxides other than aluminum, or a combi- 
on of these compounds. 

lhe total oxygen content of the steels treated with 

minum ranged from about 0.004 to 0.010 percent. 
his oxygen existed in the heat-treated specimen 
principally as aluminum oxide (table 1). In the 
steels not treated with aluminum, the total oxygen 
ranged from 0.009 to 0.011 percent, with less than 
W.00L pereent as aluminum oxide. For the steels 
treated with aluminum, an apparent trend was indi- 
eated for the transition temperature to decrease 
slightly with an increase in total oxygen (fig. 9) or 
aluminum oxide (fig. 10). However, the slope of 
each straight line is not significantly different from 
zero, and thus for these steels variation in either total 
oxygen or aluminum oxide had no appreciable effect 
on the transition temperature. Moreover, variation 
in either total oxygen or aluminum oxide had no 
significant effect on the notch toughness at room 
temperature of these steels, 

No significant trends were found when the total 
aluminum was plotted against the transition tempera- 
ture or the energy absorbed at room temperature. 
Trends were shown for both the energy absorbed at 
room temperature and the transition temperature to | 
inerease as the amount of uncombined aluminum was 
increased, as is illustrated in figures 11 and 12, respec- 
tively. The slope of each line is significantly differ- 
ent from zero. The data indicate that the presence 
of aluminum in excess of that necessary to fix all of 
the oxygen and nitrogen in these 0.3-percent-carbon | 
steels as aluminum oxide and aluminum nitride was 
slightly beneficial to notch toughness at room tem- 
peratures and detrimental at low temperatures. 
llowever, it should again be pointed out that these 
steels contained variable amounts of nitrogen in the 
form of aluminum nitride and, to a rough approxima- 
tion, the aluminum nitride decreased with increase in 
the uncombined aluminum content. Thus, these | 
trends also can be attributed to the variation in the 
aluminum-nitride content of the steels. Moreover, 
it should be noted that the transition temperature of 
the steels not treated with aluminum were consider- 
ably higher than those of the steels treated with 
tluminum. The inferior properties of the steels not 
treated with aluminum presumably might be due to 
the presence of nitrides of iron or manganese or both. 

Increasing the manganese from 0.9 to 1.6 percent 
had no material effect on the transition temperature 
of this series of steels with variable nitrogen. The 
energy absorbed at room temperature was slightly 
higher in the 0.9-percent-manganese than that of the 
|.}-percent-manganese steels with the same total | 


nitrogen (fig. 6) or uncombined aluminum (fig. 
11). As previously pointed out, however, the aver- 
age hardness of the Charpy specimens of the the 
0.9-percent-manganese steel was slightly lower than 
that of the 1.6-percent-manganese steel. 


5. Summary 


Charpy impact tests were made at temperatures 
ranging from —196° to + 100° C on fully hardened 
and tempered specimens (V-notch) of 0.3-percent 
carbon, 0.9- and 1.6-percent manganese steels with 
variable nitrogen. All steels were made in induction 
furnaces. 

The steels that had been treated with 0.10-percent 
aluminum in the furnace just prior to pouring had 
better notch toughness at low temperatures, as 
measured by the transition temperature at which 
the fracture changes from ductile to brittle, than the 
steels not treated with aluminum. The notch 
toughness at room temperature of the aluminum- 
treated steels also was somewhat superior to that 
of the steels not treated with aluminum. 

The evidence indicates that the influence of ni- 
trogen on notch toughness at low temperatures was 
affected not only by the amount present but also 
by its form. <A trend was observed of a lowering of 
the transition temperature with increase in the alu- 
minum nitride content of the steels treated with 
aluminum in excess of that necessary to fix all of the 
nitrogen and oxygen as aluminum nitride and alu- 
minum oxide, respectively. The relatively high 


transition temperature of the steels not treated with 


aluminum may be attributed to nitrides other than 
aluminum, oxides other than aluminum, or a com- 
bination of these compounds. 
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Determination of Metallic Beryllium and Beryllium 
Carbide in Beryllium Metal 


Walter A. Bergholz ' 


A method is described for the determination of metallic beryllium and beryllium carbide 


in beryllium metal. 
controlled rate of solution. 
oxide in an atmosphere of nitrogen. 


The beryllium metal is dissolved in potassium hydroxide solution at a 
The liberated hydrogen and methane are burned with copper 
The water and carbon dioxide formed are absorbed 


in magnesium perchlorate and ascarite, respectively, and determined by weighing. The 
metallic beryllium is caleulated from the water, corrections being made for any calcium 
or aluminum present as impurities that also liberate hydrogen in caustic solution; in case 
beryllium earbide is determined, a correction may also be made for the water formed by 


the combustion of methane. 
dioxide formed. 


1. Introduction 


No methods were found in the literature for the 
simultaneous determination of metallie beryllium and 
beryllium carbide in beryllium metal in the presence 
of beryllium oxide. The similarity of aluminum and 
bervlhum in a number of their reactions suggested a 
study of the work published about the determination 
of both metallic aluminum and metallic beryllium 
in the presence of the oxides. 

\letallic aluminum in aluminum metal or powder 
may be estimated by dissolving the metal in alkali 
solution [1, 2] * or in hydrochloric acid [3], and then 
measuring the volume of the liberated hydrogen or 
weighing it as water after combustion. Information 
on gas evolution methods as used for industrial prod- 
ucts may be found in the literature [4 to 8]. Two 
methods of special interest are described, one con- 
sisting of reduction of ferric ion to the ferrous state 
while dissolving the sample in acid, followed by titra- 
tion [9], and the other involving the passage of hydro- 
chlorie acid gas over the metal at an elevated 
temperature, followed by determination of chloride 
in the sublimate [10]. A correction for iron is made 
in both cases. 
tion of ferric iron by aluminum metal in the presence 
of acid or dealing with volatilization of aluminum 
chloride have been discussed [11 to 17}. 

The hydrogen evolution methods for the determina- 
tion of metallic aluminum cited above do not describe 
a procedure for the estimation of and correction for 
aluminum carbide. Yu. A. Klyachko and M. A. 


Barkov [18], in an effort to establish conditions for | 


the determination of the total free and combined 
carbon in aluminum, burned the methane that was 
formed in the reaction of aluminum carbide and an 
alkali solution. For the estimation of microgram 
quantities of carbon in aluminum, a conductometric 
determination of the absorbed carbon dioxide has 
been developed [19]. 

Before discussing some attempts to determine 
metallic beryllium and beryllium carbide by methods 

Present address, United States Atomic Energy Commission, New Brunswick 


Laboratory, New Brunswick, N 
Figures in brackets indicate the literature references at the end of this paper. 


Similar procedures based upon reduc- | 


alkali solution [31]. 


The beryllium carbide is caleulated as Be,C from the carbon 


applied to aluminum as described above, a few refer- 
ences and preliminary experiments should be men- 
tioned. Information about the volatilization of 
beryllium metal in hydrogen at low pressures at 
temperatures where beryllium oxide is not volatile 
[20, 21, 22] and facts revealed in certain metallurgical 
patents [23, 24, 25], dealing with the reduction of 
beryllium oxide with carbon and hydrogen or with 
hydrocarbons indicate that it would be difficult to 
develop a method along these lines. The possibility 
of an indirect method to determine metallic beryllium 
plus beryllium carbide in the presence of beryllium 
oxide should be mentioned. If it is assumed that 
the total beryllium in the sample is made up only of 
the metal, its oxide, and carbide, the difference be- 
tween the total beryllium minus the beryllium as 
oxide equals the sum of metallic beryllium plus 
beryllium as carbide. In section 3 the procedures to 
determine total beryllium and beryllium oxide [26, 
27] are briefly described. The usefulness of the 
indirect method, however, is limited by certain facts 
{28} that will also be discussed in section 3. Attempts 
to oxidize metallic beryllium or to precipitate copper 


| with metallic beryllium in a copper sulfate solution 


did not prove encouraging. 

A few hydrogen evolution methods for the deter- 
mination of metallic beryllium have been reported 
prior to this work. A procedure designed to measure 
the volume of hydrogen liberated by metallic beryl- 
lium when dissolved in alkali [29] gave only fair 
results.’ With essentially the same method [30], 
Ayers claims an accuracy of +0.3 percent beryllium. 

A method for the determination of beryllium car- 
bide in beryllium metal has also been developed by 
Brush Beryllium Co., (private communication of 
Oct. 19, 1948). This procedure is based upon the 
fact that beryllium carbide forms methane with hot 
The liberated gases are burned 
with copper oxide in an atmosphere of helium, and 
the combustion products are absorbed. Only carbon 
dioxide is weighed. 

The foregoing discussion reveals the existence of 
methods based upon the same general principle as 


? An improved procedure has been described in a private communication of 
Dec. 1947, by Charles B. Sawyer, Brush Beryllium Co, 




















Ficure tt. 


A, Vacuum rubber tubing, B, slit te form a Bunsen valve; C, 2-liter safety bottle 





Apparatus for determination of metallic beryllium and beryllium carbide. 


1), L-liter sulfurie acid gas-washing bottle; E, Vycor microcombustion tube 


10.5 320mm with: Fy ashestos plugs and, G, copper oxide wire; H, microcombustion furnace; I, 15-cm Sehwartz drying tube (its curved part is filled with glass beads and 


concentrated sulfuric acid to cover them), J, stopeock: K, 40-ml three-neck flask, 
N, 126m! glase-stoppered gas washing bottle with 40 ml of concentrated sulfuric acid to contro 


L, 125-ml sopene funnel; M, empty 15-em Schwartz drying tube, one end closed 


the speed of gases entering the combustion tube; 0, 15-cm Sehwartz 


drying tube filed with, P, magnesium perehlorate, Q, indicating drierite, and R, ascarite 8 to 20 mesh; 8, quartz combustion tube, 50 em long, 1.7-cm inner diameter 


with ashestos plugs, F, and copper oxide wire, G: T, 
and indicating drierite, GQ; V, 
filled as tube I 


the procedure described in this paper. However, the 
methods so far deseribed deal with the determination 
of the metal or the carbide only, whereas in this paper 
metallic beryllium and beryllium carbide are deter- 
mined simultaneously. Furthermore, almost no 
information is available with respect to the precision 
obtained. The accuracy of the results obtained for 
metallic beryllium by hydrogen evolution methods is 
improved by correcting for the water derived from 
sources other than metallic beryllium. These sources 
are impurities such as metallic calcium, aluminum, 
and possibly magnesium, which liberate hydrogen; 
and beryllium carbide, which yields methane, when 
the sample is dissolved in caustic solution. 

Beryllium carbide may be determined with in- 
creased accuracy by controlling the speed with which 
the sample is dissolved. Conditions under which 
the methane pressure is low enough to permit a com- 
plete combustion are described in section 2. 


2. Procedure 


After the apparatus has been assembled as shown 
in figure 1, the precombustion furnace is heated to 
about 800° C, and the combustion furnace to 920° 


scm Sehwarts drying tube with magnesium perchlorate, P, 


combustion furnace with globar electrodes; U, 100-ml Nesbitt absorption tube with magnesium perchlorate, P, 


and ascarite 8 to ®) mesh, R; W, 15cm Schwartz drying tube 


t 40°C (regulated by means of a Variac, type 100 2Q, 
2 KVA). Nitrogen is passed through the apparatus 
at a controlled speed of 60 +10 ml/min. The 
rate of flow is measured with a flowmeter, which is 
placed at the end of the train. 

When all the air has been replaced by nitrogen in 
the absorption tubes and after the furnaces have 
reached the desired temperature, the absorption 
tubes are weighed with their stopcocks closed and 
then ~ back in the train. Nitrogen is then 
massed through the system until the water blank is 
“ then 0.0005 g/hr and the carbon dioxide blank is 
less than 0.0002 g hr. 

When the blanks have attained a satisfactory state, 
0.5-g sample of metal is transferred to the reaction 
flask, K, from a 5-ml beaker. The system is flushed 
with nitrogen for 20 minutes in order to remove most 
of the air that entered the flask when the sample was 
added. Then stepeock, J, of the Schwartz drying 
tube, 1, is closed. (Rubber connection, A, to nitrogen 
valve is provided with a slit, B, to form a Bunsen 
valve.) When the flow of gas bubbles through gas- 
washing bottle, N, has practically ceased, the vas 
sure in flask K has decreased sufficiently to make ‘t 
possible to add at once 30 ml of hot water through 





lropping funnel, L. This is followed by 150 ml 
| potassium hydroxide solution (100 g of potas- 
, hydroxide dissolved in 100 ml of water), which 
ded dropwise at a rate of 1 drop per second. A 
gauze with an asbestos center is placed under- 
reaction flask K and is heated intermittently 
cautiously with a small flame while the caustic 
‘ion is added dropwise and until most of the 
ple has dissolved. Just enough heat is applied to 
utain a gas flow of not more than four bubbles per 

md through the sulfuric acid gas-washing bottle. 

en most of the sample has dissolved, the nitrogen 

is opened carefully, and the reaction is com- 
pleted by boiling until a clear solution is obtained. 
The nitrogen pressure has to be high enough to avoid 
back pressure, Which would cause losses, but not so 
hich that the speed of flow of gas through the sulfuric 

d gas-washing bottle, N, exceeds four bubbles per 

cond. When solution is completed the nitrogen 
flow is adjusted to 60 +10 ml/min at the exit end of 
the train and is maintained at this rate for 2 hours.‘ 
The absorption tubes are then weighed and placed 
back in the train for 1 hour to make sure that all 
combustion products are transferred to the absorp- 
tion Vessels. 

The weight of the blank is deducted from the 
increase in weight of the absorption tube. Also, 
corrections are made for water derived from im- 
purities (see section 3). 

\fter four or five samples are analyzed, an appre- 
cable amount of copper oxide has been reduced. 
When it is reoxidized, it usually cakes to some extent. 
lt should therefore be replaced by a new filling, as 
a large surface area makes it easier to effect complete 
iwnition of methane. 


3. Results 


\s mentioned before, in calculating the result for 
metallic beryllium from the amount of water ab- 
sorbed, the concentration of impurities has to be 
known in order to make the necessary corrections. 
Henee, the present method has been applied to seven 
samples of beryllium metal, A, B, C, D, E, F, and 
G, for which analytical data were available. The 
impurities in samples A, B, C, and D were determined 
by chemical and spectrographic means [27]. With 
the exception of beryllium carbide, the impurities in 
samples E, F, and G were determined spectrograph- 
ically at the Bureau. Beryllium carbide has been 
determined in samples D, E, F, and G, in the present 
work but not in samples A, B, and C. The cor- 
rections involved would have been very small in the 
latter samples, as explained later. 

Table 1 shows the amount of impurities. Of these, 
only the ones encountered in concentrations larger 
than 0.05 pereent are included. All impurities of 
lower concentrations are omitted, since even if they 

‘ A test ignition of a given amount of methane from a cylinder of known purity 

wmducted in order to establish the proper conditions for complete com- 

n. When the temperature and the speed of flow were adjusted to that used 

he blank, 99°, or more of the theoretical amount of water and carbon dioxide 

thsorbed. Without speed control, appreciable amounts of ethane were 


fied with the mass spectrograph by Fred L. Mohler in the gases leaving the 
when a sample that contained more than 1% of beryllium carbide was 
wa 
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| 
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would yield hydrogen or hydrocarbons in caustic 
solution, they would require only an insignificant 
correction, which is lower than the average deviation 
of the results. 


Taste l. Impurities in samples of beryllium 


Sample 


Element 


oo 


4 
Si 2s 
HyOr 5 19 
46.43 


Total 3.16 


*1- sample plus 0.1 g of copper placed in an alundum boat lined with fine 
R. R. Alundum (AbkOs), and then burned in oxygen at 1,200° C, 

» Not determined 

¢ Determined as beryllium oxide 

4 This value is uncertain because of the presence of too much water, as explained 
later [2s] 

* Determined by heating the sample to 700° to 800° C 
nitrogen and absorption with magnesium perchlorate 

f Part of this water content is probably water of hydration of the BeO in the 
material as received in flake form 


in an atmosphere of 


From the impurities shown in table 1, only non- 
oxidized aluminum, calcium, magnesium, silicon, and 
beryllium carbide liberate gases that, upon combus- 
tion, vield water under the conditions of the test. 
Silicon has been assumed to be present in a combined 
form as no dark-brown residue of elementary silicon 
has been observed when dissolving the metal in 
hydrochloric acid. Iron does not react with potas- 
sium hydroxide solution (300 g of potassium hydrox- 
ide dissolved in 200 ml of water) when it is boiled 
for 30 minutes. 

Table 2 shows the corrections (in milligrams of 
water per gram of sample), assuming that 2 g-atoms 
of aluminum yield 3 g-moles of hydrogen, equivalent 
to 3 g-moles of water; | g-mole of beryllium carbide 
yields | g-mole of methane, equivalent to 2 g-moles 
of water; | g-atom of calcium and | g-atom of mag- 
nesium each vield | g-mole of hydrogen, equivalent 
to | g-mole of water. 


Tapie 2. Corrections for water derived from impurities 


Correction 
(my water/g 
sample 


Sample Impurity 





In samples A, B, and C, beryllium carbide was not Results for beryllium carbide 
determined, The total carbon in each of these sam- 
ples was found to be not greater than 0.19 percent, 
which is equivalent to 0.48 pereent of beryllium 
carbide, if all of the carbon were present as Be,C. 
The correction for Be would then be at the most 
5.8 mg (=2.9 mg Be, or 0.29% Be on basis 1 g) of 
water per gram of sample, which is less than the 
deviations in the results sometimes encountered as 
shown in table 3. 

With the corrections for impurities computed as 
shown in table 2, the results for metallic beryllium 
are tabulated in table 3. The weights of sample used, 
the amounts of water absorbed, and the corrections 
for a blank are also included. 


Weight 
of carbon 
dioxide 


Weight 
of sample 


Correction Berylliu 


Sumple for blank carbid 


* The Brush Beryllium Co. reports 0.16%, in a private communication of Get 


Tassie 3 Results for metallic heryllium 19, 1948 


This has been done in table 5, making these two 
water Correction “fi Metalic | assumptions. The data in this table indicate that 
absorted | MF DINE | purities | Deryium these assumptions are justified for the samples dealt 

with. The value cited for total beryllium and bery|- 

lium oxide have been obtained by applying proce- 

dures described in other investigations [26, 27). 

These methods, in brief, are as follows: Total bery/- 

lium: The metal is dissolved in sulfuric acid. The 

silica is dehydrated by heating and filtered off. The 
other impurities are removed by oxine (8-hydroxy- 
quinoline) precipitation at a pH of 4.5. In the 
filtrate, the excess of oxine is destroved and a slight 
excess of ammonium hydroxide solution is added. 
The precipitated beryllium hydroxide is converted to 
the oxide at 1,100°C. Any silica in the beryllium 
oxide is then determined and its weight subtracted 
from the weight of beryllium oxide. Beryllium 
oride: In the absence of water and oxygen, the metal! 
is heated in hydrochloric acid to 600° C, which 
volatilizes the metallic beryllium as chloride. The 
bervilium oxide is then determined in the residue 
colorimetrically with -p-nitrobenzene-azorcinol. — If 
water is in the sample, the beryllium oxide values 
obtained are high. The longer the sample is dried, 
the lower are the beryllium oxide values obtained. 

If beryllium carbide Be,C is present in low concentra- 

tions, there is reason to believe that practically all of 

it is decomposed under the conditions of the test. 

According to Gmelin [31], anhydrous gaseous hydro- 

chloric acid reacts slowly with the beryllium carbide 

Be,C at 600° C, forming beryllium chloride vapor, 

carbon, and hydrogen. 


Weight of Weight of Correction 


ah . : Tasie 5. Percentage of metallic beryllium computed and 
Table 4 shows the results for beryllium carbide Liana 


computed as Be,C from the amount of carbon dioxide 
absorbed, based on the assumption that | g-mole of 
beryllium carbide is equivalent to 1 g-mole of carbon Sample | Total Be ae FF antes Come 
dioxide. from BeO from BerC , 
As mentioned in the introduction, the amount of 
metallic beryllium may be computed by subtracting 
from the value for total beryllium, the sum of beryl- 
lium as oxide and beryllium as carbide, if these can be 
determined with reasonable accuracy, and provided | __ 
that beryllium is not present in any other form. olet detuned. 


metallic 
Be 








rors In the method of computing the corrections 
ater derived from impurities would affect the 
acy of the results. Such errors may occur 
ise of the presence of part of the impurities in a 
ined form, for instance, as oxide, fluoride or 
le, or by segregation of the impurities, which 
d involve deviations from the average concen- 
m used as the basis for the corrections applied. 
uracies would also be caused if part of the ele- 
‘al impurities entered side reactions under the 
itions of the procedure, leading to deviations 
. the theoretical amounts of water formed. — It is, 
ver, believed that none of these possible causes 
rror is significant, because, in the samples ana- 

d, the corrections are very small compared to the 

sunt of water absorbed. 

The assumptions about side reactions leading to 
deviations from the theoretical amount of methane 
formed are that, except for beryllium carbide, there 
< no other material present in the samples that vields 
ivdrocarbons. It appears obvious that with the 
magnitude of impurities as low as encountered in 
the samples analyzed, this assumption can cause only 
a negligible error. Also, it has been assumed that 
tC is the only compound of beryllium and carbon 
present in the samples. According to Gmelin [31], 
Be and BeC, are the only bervilium carbides 
known. BeoC is formed from the metal and carbon 
at elevated temperatures, whereas BeC, is obtained 
n the reaction of beryllium powder with-dry acety- 
lene at 450° C. This makes it probable that in 
bervilium metal the carbide present is Be,C. The 
assumption that only methane is formed in the re- 
action between this carbide and potassium hydroxide 
is made beeause no other hydrocarbon has been 
mentioned in the literature as being formed in this 


reaction, 


4. Experiments with Hydrochloric Acid 

Hydrochloric acid dissolves the sample quickly and 
simplifies the technique, since the gas flow can be 
adjusted more easily. A larger sample, | g or more, 
can be analyzed. Metallic beryllium can be deter- 
mined satisfactorily, but for beryllium carbide low 
results are obtained even if the gases do not pass 
through the combustion tube too fast. 

The following procedure was used for the estima- 
tion of metallie beryllium: The apparatus and blank 
determinations are the same as previously described. 
The nitrogen pressure is adjusted to 1 bubble per 
second at the exit end of the train. Eighty-five 
milliliters of hydrochloric acid (143) for a 0.5-¢ 
sample is added through a dropping funnel at a speed 
of 20 drops per minute. When the sample has dis- 
solved almost completely, the flow of nitrogen is 
increased to slightly more than 2 bubbles per second 
at the exit end of the train. Solution of the sample 
is completed by boiling. The determination is com- 
pleted as outlined under section 2. 

Two determinations were carried out with sample 
A. The results obtained were 99.0 and 99.1 percent, 
Which is about the same as those obtained in alkaline 
solution (99.2, table 3). Correction is made for the 
aliiminum and iron in this sample. 








5. Summary 


Experimental data have been obtained that dem- 
onstrate metallic beryllium and bervileum carbide 


_ can be determined satisfactorily in beryllium metal 


by dissolving the material in potassium hydroxide 
solution, burning the liberated hydrogen and methane 
to water and carbon dioxide, and absorbing these 
products in magnesium perchlorate and soda-asbes- 
tos, respectively. 

A limited number of experiments indicate that 
solution in hydrochloric acid vields satisfactory 
results for metallic beryllium, but gives low values 
for bervilium carbide. 
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Heats of Combustion and Formation of Liquid 
Ethylenimine 


Raymond A. Nelson and Ralph S. Jessup 


The heat of combustion of ethvlenimine was measured at 28°C in a bomb calorimeter. 


The experimental data vielded the value — A// 


1591.36 4 0.57 kilojoules per mole for the 


heat of combustion at 25°C, the reactants being liquid ethylenimine and gaseous oxygen 
and the products being gaseous carbon dioxide, gaseous nitrogen, and hquid water. By 
combining this value with data on the heats of formation of gaseous carbon dioxide and 


liquid water, the value A//, 
formation of liquid ethylenimine at 25°C 


1. Introduction 


No data on the heats of combustion and formation 
of ethylenimine have been found in the literature. 
This paper deseribes measurements of the heat of 
combustion of the liquid by means of a bomb calo- 
rimeter, The result of these measurements was com- 
bined with values for the heats of formation of 
gaseous carbon dioxide and liquid water to obtain 
a value for the heat of formation of liquid eth- 
vlenimine, 


2. Material 


The ethylenimine used in this investigation had 
been purified by triple distillation, and was believed 
by the manufacturer to be about 99.9 percent pure, 
the most likely impurities being water and poly- 
merization products [1]. This estimate was based 
on the fact that the temperature range during the 
third distillation was zero within the precision of the 
measurement (4.0.1 deg ©). No further test of 
purity was made. 


weighed samples of the liquid (see section 5) indi- 
cated that inert impurity probably amounted to 
about 0.07 percent. 
appreciable effect on the results reported. 

The material was received in sealed glass bulbs, 
each containing about 5 g of liquid and a pellet of 


sodium hydroxide to absorb any carbon dioxide | 


that might be present. According to [2], ethyleni- 


mine will keep indefinitely if carbon dioxide is | 


excluded, 

Samples of about | g each of ethylenimine were 
prepared for combustion in the bomb by sealing them 
in thin-walled glass bulbs, which were flattened on 
opposite sides and filled completely with the liquid 
(3, 4, 5). In preparation for filling these bulbs, a 
container in which the ethylenimine was received 
was opened and the contents poured into a small 
beaker that contained a pellet of sodium hydroxide. 
The stems of several weighed glass bulbs were then 
immersed in the liquid in this beaker, and the whole 
apparatus was placed in a vacuum desiccator. The 
bulbs were filled by alternately reducing the pressure 
in the desiccator and admitting air to bring the 
pressure back to atmospheric. The air admitted 


' Figures in brackets indicate the literature references at the end of this paper. 


The results of determining the | 
amount of carbon dioxide formed in combustion of 


Inert impurity would have no 





91.90 + 0.59 kilojoules per mole was obtained for the heat of 


during this process was passed through an absorp- 
tion tube containing Ascarite to remove carbon diox- 
ide. Because of the high volatility of ethylenimine, 
the buibs were filled completely by this process, and 
it was not necessary to heat them to expel the last 
traces of air, as would be the case for a much less 
volatile liquid. 

After the bulbs (and stems) were completely 
filled, the liquid was partially removed from the 
stems by heating these stems and boiling out a part 
of the liquid. The remainder of the liquid in each 
stem was then drawn into the bulb by cooling the 
bulb with ice, and the stem was removed by sealing 
off near the bulb with a hot flame. It was observed 
that the part of each stem that was heated to boil 
out the fitvuid was slightly discolored, either by 
decomposition products or by etching of the glass 
No such effect was observed, however, in the neigh- 
berhood of the point at which the stem was sealed 
off from the bulb, and no evidence of decomposition 
of the liquid in the bulb was observed. 


3. Apparatus and Method 


The calorimeter system and the experimental 
yrocedure have been described previously [4, 6, 7] 
The bomb used was made of illium and had a capae- 
itv of 381 ml. One milliliter of water was placed in 
the bomb before each experiment. The experimental! 
results are referred to a reaction temperature of 
28°C. 

The mass of the sample burned was determined 
by weighing, and the mass of carbon dioxide formed 
in the combustion was determined by absorbing it 
in Asearite and weighing. The apparatus used for 
the absorption of the carbon dioxide is similar to 
that described by Prosen and Rossini [8], except that 
no provision was made to oxidize the products of 
incomplete combustion and absorb the resulting 
carbon dioxide. Instead, a test for carbon monoxide 
was made on the gaseous products of each experi- 
ment after the carbon dioxide had been absorbed, 
using a colorimetric method developed at the Bureau 
{9}. In every case where carbon monoxide was 
found, unburned carbon was also found in the bom) 
and the experiment was discarded. The results 
reported in section 5 are all based upon determina- 
tion of the amount of the reaction from the mass of 
carbon dioxide formed in combustion. 





he observed heat of combustion in each experi- 
: was corrected for heat of stirring and heat 
fer between calorimeter and surroundings, for 
energy used to ignite the charge, and for the 
vy produced by the formation of nitrie acid in 
bomb. A value of 59.2 kj/mole [11] was used 
orrecting for the formation (at 28° C) of aqueous 
acid (about 0.25 molar) during the combustion. 
. correction amounted, on the average, to 0.37 
» scent of the total heat produced by the combustion. 
‘The nitrogen in the nitric acid represented about 10 
percent of the total nitrogen in the sample. 
li was assumed that all the oxidized nitrogen in 
the bomb was completely converted to nitric acid. 
‘ests for the presence of fixed nitrogen in the bomb 
vases were made by passing the gases through a 
scrubbing column containing a sodium hydroxide 
solution and testing this solution for the presence of 
nitrites and nitrates. No indication of sodium 
nitrite or sodium nitrate in this solution was found 
by tests sensitive to 0.01 mg of either. 
lhe observed heat of combustion, —Al’,, under 
the conditions of the bomb process in each experi- 
ment was reduced to the value of —AU’., the decrease 
in intrinsie energy accompanying the reaction 


; 13 ie 5 : 
CAHN (lig) + 7 Ox) =2CO@) +5 N.(g) +3 HO (liq) 
(1) 
with each of the reactants and products in its thermo- 


dynamic standard state. This was done in accord- 
ance with the Washburn procedure [10], modified so 


as to apply to 28° C and to the energy content of the 
gases at zero pressure instead of 1 atm. 
The measurements were made in terms of the abso- 


lute joule as the unit of energy. Conversion to the 
conventional thermochemical calorie was made by 
use of the relation 1 cal 4.1840 abs j. 


4. Calibration of Calorimeter 


The calorimeter was calibrated with NBS stand- 
ard Sample 39g of benzoic acid, using for the heat of 
combustion of this material the value 26 433.8 abs 
} g under the standard conditions of the bomb proc- 
ess. The mean of the results of seven calibration 
experiments covering the temperature range 25.1° to 
28.0° C is 13933.1 j/deg C, and the standard devia- 
tion of this mean value is + 1.0 j/deg C. 


5. Results 


The results of measurements of the heat of com- 
bustion are given in table 1, where —Al’, is the 
observed heat of combustion under the conditions 
specified by the volume of the bomb (0.381 liter), 
the mass (1 g) of water placed in the bomb at the 
beginning of each experiment, the temperature 
28° C) to which the combustion reaction is referred, 
and the data given in columns 1 and 2 of the table; 
and where —AU? represents the decrease in intrinsic 
energy accompanying reaction (1) when the react- 
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ants and produces are all in their thermodynamic 
standard states at 28° C. 


TaBLe 1. Summary of experimental data 


Energy of combustion at 28° C 


Mass of Initial Og 
onmne ile pressure at Mass of CO» 
! ae Cc 


AUsn au 


jig COs 
18072. 4 
1SONL. 1 
Soe? 6 
1s07Y. 4 
Is0G2. 1 
ISOR7. 7 


jla COy 
18067. 8 
1S076.0 
18087. 9 
18074. & 
ISOR7. 5 
1SONS. 1 


YW arm 
0. 6016 
1. 10140 
0. GON41 

y2242 

S004 

S77HS 


Mean 
Standard devistion of mean 


IS07Y. 5 
+3. 3 (0.018%) 


The values obtained for the mass of carbon dioxide 
formed in combustion, which is taken as the measure 
of the amount of the reaction, are lower than the 
corresponding values calculated stoichiometrically 
from the mass of the sample burned on the basis that 
the sample is all C,H,;N. The average difference 
between observed and calculated mass of carbon 
dioxide is 0.07 percent. The carbon dioxide absorp- 
tion apparatus was checked before and after this 
work with Standard Sample 39g of benzoic acid and 
found to vield experimental results that checked 
the calculated values to better than 0.01 percent. 
No evidence of incomplete combustion was found in 
any of the experiments listed in table 1. It was 
assumed that the difference between the observed 
and calculated masses of carbon dioxide when ethyl- 
enimine was burned was due to inert impurity, 
probably dissolved air or water. 

In table 2 are given values of heat of combustion 
and heat of formation per mole of ethylenimine 
calculated from the mean value reported in table 1 
on the basis that 2 moles (88.020 g) of carbon dioxide 
corresponds to 1 mole of ethvlenimine (eq 1). The 
value of —AH-® (28° C) was reduced to 25° C, using 
the values reported in [13] for the specific heats at 
constant pressure of carbon dioxide, nitrogen, and 
oxygen; the value reported in [12] for water; and the 
estimated value of 2 j/g deg C for the specific heat 
of liquid ethylenimine. The value of A/T, (25° C) 
was obtained by combining the value of —AH? 
(25° C) with values for the heats of formation of 
liquid water and gaseous carbon dioxide [11]. 
Values of heats of combustion and formation of liquid 

ethylenimine 


TABLE 2. 


keal/mole* 
oS. 4 


kj) mole* 


—&U® (28° C 1591.36 +0! 


All? (= C 1503.24 40.5 ww. 79 40 


—All® (24° C) 1503. 52 +0. 5 O86 +40 


vw +0 21.46 +0 


All, (25° € 


* The numbers following the + signs were obtained by appropriately combining 
the following quantities: (a) The standard deviation of the mean result of the 
calibration experiments, (b) the standard deviation of the mean value of - AUS 
for ethylenimine, (c) an estimate (0.005%) of the standard deviation of the value 
used for the heat of combustion of benzoic acid, and (d) an allowance of 0.08% for 
the effect of impurities in the ethylenimine For the heat of formation, allowanc 
was made for the standard deviations of the values used for the heats ot formation 
of carbon dioxide and water. 





Caleulation of the amount of the combustion reac- 
tion on the the mass of carbon dioxide 
produced is equivalent to assuming that the sample 
was composed entirely of CLH,N and inert impurity. 
The effect of such inert impurities is thus completely 
eliminated. There remains, however, the possibility 
of a slight systematic error from polymers of ethyl- 
enimine or other combustible impurities that may 
have been present 


basis of 


6. Strain Energy 


It is of interest to compare the experimental value 
of the heat of formation of ethylenimine with a value 
coleulated from bond energies, as the difference be- 
tween the two may be considered as an approximation 
to the strain energy of the molecule. For this pur- 
pose the heat of vaporization of ethylenimine was 
estimated to be about 4 keal/mole, making the heat 
of formation of the gas about 26 keal/mole. Bond 
energies at 208° C were taken from a table prepared 
by C. W. Beekett [14]. These bond energies were 
calculated from values of heats of formation, follow- 
ing essentially the same procedure as Pauling [19], 
Pitzer [20], and others [21]. The data used were 
taken from [11], except for the heat of formation of 
gaseous atomic nitrogen, which was taken from [15]. 

The value calculated from these bond energies 
for the heat of formation of gaseous ethvlenimine 
is 12 keal/mole, so that the corresponding value 
for the strain energy is 14 keal mole 

For comparison, the strain energies of the three- 
membered ring compounds cyclopropane, ethylene 
oxide, and ethylene sulfide were caleulated in’ the 
same manner, and the values obtained are 25, 13, 
and 9 keal/mole, respectively. The experimental 
values used for the heats of formation of these 
three compounds are those given in [22], [11], and 
[18], respectively, The above value for the strain 
energy of evelopropane is somewhat lower than the 
values caleulated by Kilpatrick and Spitzer [16] 
(10 to 12 keal/CH, unit), and by Coulson and Moffitt 
[17] (4 to 1 eve 12 to 23 keal/CH, unit). 

The calculation of strain energy from bond energies 
is subject to relatively large uncertainty, partly 
because of possible errors in some of the values 
used for heats of formation, and partly because the 
calculations are based on the assumption that the 


energy of a given bond is the same in diffe: ) 
compounds. The values of strain energy obtay oo 
in the manner indicated may be in error by sey. ra! 
kilocalories per mole. Because of these uneert ip. 
ties, not much significance can be attributed to 
differences in the values given above for the s: 
energies of ethvlenimine, ethylene oxide, ethy), 
sulfide, and evclopropane. 
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‘"hermal Expansion of Aluminum and Some Aluminum 


Alloys 
Peter Hidnert and H. S. Krider 


Data are given on the linear thermal expansion of aluminum and some aluminum- 
bervilium, aluminum-copper, aluminum-silleon, aluminum-copper-iron, aluminum-copper- 
magnesium, aluminum-copper-nickel, aluminum-silicon-copper, aluminum-siiieon-magne- 
sium, aluminum-copper-nickel-magnesium, aluminum-copper-tin-zine, aluminum-silicon- 
copper-manganese, aluminum-silicon-copper-nickel, aluminum-silicon-nickel-copper-manga- 
nese, and aluminum-silicon-nickel-copper-molybdenum alloys for various temperature ranges 
bet ween 50° and 100°C. ‘The addition of beryllium, copper, or silicon to aluminum 
causes a decrease in the coefficients of expansion. Copper has a greater effect than beryllium, 
and silicon has the greatest effect of these three alloying elements. Ternary diagrams are 
shown that indicate the effects of composition on the coefficients of expansion of aluminum- 
copper-nickel and aluminum-silicon-copper alloys. The effects of additions of two or three 
elements (copper, nickel, manganese, and molybdenum) on the coefficients of expansion of 


aluminume-silicon allovs are indicated in a figure 


l. Introduction 


Data on the linear thermal expansion of the 
viples of aluminum and of some aluminum alloys 
binary, ternary, quaternary, etc.) listed in table 1 
were obtained durtng the past quarter of a century.’ 
These results are based on a number of independent 
iests and investigations, the specific purposes of 
which in general were not related. 

lt is the object of this paper to report coefficients 
of expansion during heating and cooling of the 
samples for various temperature ranges between 

50° and +400° C and to establish correlations 
between the coefficients of expansion and the chem- 
cal composition of the annealed aluminum alloys. 


2. Materials Investigated 


The samples of aluminum and of aluminum alloys 
were obtained from Aluminum Company of America, 
Cleveland, Ohio and New Kensington, Pa., Brush 
Beryllium Co., Cleveland, Ohio, Bureau of Aero- 
nautics, Navy Dept., Washington, D. C., Cooper- 
Wilford Beryllium Co., Philadelphia, Pa., National 
\dvisory Committee for Aeronautics, Washington, 
D.C. and Naval Aircraft Factory, Philadelphia, Pa. 
The length of each sample used in the determinations 
of linear thermal expansion was 200 mm (7.9 in.) 
for the range from —50° to +-20° C. and 300 mm 
11.8 in.) for the range from + 20° to 400°C. The 
cross sections of the samples, their treatments, and 
chemical compositions are given in table 12 Most 
of the values for chemical composition were furnished 
by the manufacturers or organizations that submitted 
the samples. 


3. Apparatus 


The fused-quartz tube and dial-indicator method 
and the precision micrometric method were used for 
determinations of linear thermal expansion of the 
sumples for the ranges from —50° to +-20° C and 


\ T. Sweeney of the Bureau assisted the senior author during the early work. 
ures in brackets indicate the literature references at the end of this paper, 


c- 
— 


from 4-20° to 400° C, respectively. These methods 
were described by Hidnert and Souder [3] 


4. Results and Discussion 


Expansion curves on heating and on cooling were 
plotted from the observations on the samples of 
aluminum and aluminum alloys at various temper- 
atures between —50° and + 400° C. Table 1 gives 
coefficients of expansion and coefficients of contrac- 
tion that were computed from these curves, some of 
which are shown in figures 5 to 9, inclusive. The 
last column of the table shows, for most of the 
samples, the changes in length (at room temperature) 
that occurred as a result of the heating and cooling 
in the thermal-expansion tests. 

Table 1, A, gives coefficients of expansion of two 
samples of cast aluminum and two samples of an- 
nealed aluminum. The coefficients of expansion of 
the samples of annealed aluminum are slightly less 
than the coefficients for cast aluminum. 

Table 2 gives a comparison of coefficients of expan- 
sion of annealed aluminum in the present investiga- 
tion, with those determined by Nix and Mac Nair [4] 
and Taylor, Willey, Smith, and Edwards [5] by the 
interference method. Taylor and his coworkers in- 
dicated that reerystallization and grain growth, or 
changes at the interfaces between specimen and the 
interferometer plates, such as growth of the oxide 
film on the aluminum, are some of the sources of 
error. 

Table 1, B, gives coefficients of expansion of three 
aluminum-beryllium alloys containing 35, 40, and 71 
percent of beryllium by weight (62, 67, and 88 atomic 
percent). 

Figure 1 indicates coefficients of expansion for 
aluminum-beryvllium alloys of the present investi- 
gation and those obtained by Hidnert and Sweeney 
[6] in a previous investigation, for the ranges 20° to 
100° C and 20° to 300°C. The coefficients of expan- 
sion obtained in the second heating are indicated in 
the figure and represent values for annealed alloys. 
The coefficients of expansion obtained in the first 
heating of the cast alloy (sample 1630) containing 
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FABLE 2. 


Furity of 


or \e 
server aluminum 


Percent 
99. 997 


Nix and MacNair 
‘ w. 998 


. Willey, smith, and 
Edwards 
Hidnert and Krider wo. O52 


Mean 


* Average value for 3 specimens 


0° to 1OPC 


Comparison of coefficients of linear expansion of annealed aluminum 


Average coeff cients of expansion per degree centigrace 
I e t 


2p 2erc 6D to 500°C |” te 400°C 


2. exert? 43x10 
*23.9 24.6 
» 23.4 


23.7 


» Average value for 2 samy les (total of 8 determinations on heating and cooling). 


the highest content of beryllium and mean values * 


for annealed aluminum (0% of beryllium) are included 
in the figure. This figure shows that the addition 


of beryllium to aluminum decreases the coefficients 


of expansion. The relation between the chemical 


com position (atomic percent) and the coefficients of 
expansion for each temperature range is approxi- 


mately linear,’ which is in agreement with the theory 


WEIGHT PERCENTAGE BERYLLIUM 
10 20 40 60 


80 
i » ©eerrmes 


100 








20° To 300°C 











ANNEALED 
casT 


COEFFICIENT OF EXPANSION x 10& 


- 
™. 
~ 


°o 

20° TO 100 — 

| i of rss 

20 60 60 
ATOMIC PERCENTAGE BERYLLIUM 


Coefficients of linear thermal expansion of 
aluminum-beryllium alloys. 











Fieure 1. 


Average values for aluminum taken from table 2. 
' From table 2. ’ ‘ 
‘In figures 1 to 4, the straight lines were not extended to 0 atomic percent 
because there are solid solutions near this percentage 
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for the eutectiferous portion of the equilibrium dia- 
gram |7] for aluminum-beryllium alloys. 

Table 1, C, gives coefficients of expansion of nine 
samples of annealed aluminum-copper alloys con- 
taining from 5.8 to 11.9 percent of copper by weight 
(2.6 to 5.4 atomic percent). For each sample, the 
coefficients of expansion on heating agree closely 
with the corresponding coefficients on cooling. The 
maximum deviation is +0.2* 107°. 

Figure 2 shows the relations between the chemical 
composition (atomic percent of copper) of annealed 
aluminum-copper alloys and the average coefficients 
of expansion for three temperature ranges on heating 
This figure includes coefficients of expansion obtained 
by Bollenrath [8], Kempf [2], and Willey and Fink {9} 
on annealed aluminum-copper alloys and mean values 
(table 2) on annealed aluminum (0% of copper). 
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Coe ficients of linear thermal expansion of annealed 
aluminum-copper alloys. 











Figure 2. 
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OF EXPANSION X 


Coe EFFICIENT 


values for annealed aluminum-copper alloys for | straight line and indicate that the coefficient of 
) temperature range may be represented by a | expansion decreases with increase in the atomic per- 
cent of copper. A linear relation is to be expected 
WEIGHT PERCENTAGE SILICON between the chemical composition (atomic percent) 
10 20 30 and the coefficients of expansion of these alloys 
T T represented by the eutectiferous portion of the alu- 
minum end of the aluminum-copper equilibrium dia- 
gram [10]. 

Figure 3 shows the average coefficients of expan- 
sion of two samples of annealed aluminum-silicon 
alloys in table 1, D, and the coefficients of expansion 
of other annealed aluminum-silicon alloys investi- 
gated by Hidnert [1], Broniewski and Smialowski [11], 
Kempf [2], and Barber [12], for three temperature 
ranges. The silicon content of the alloys range from 
1.3 to 40 percent by weight (1.2 to 39 atomic percent). 
N As Broniewski and Smialowski appeared to have 

‘“ made measurements only at room temperature, the 
boiling point of naphthalene (218°C), and at liquid- 
scr re seore air temperature [13], the coefficients of expansion * 

\ that were computed from their data for the range 
20° to 200° C only, are shown in figure 3. 

The relation between the chemical composition 
(atomic percent) of these eutectiferous alloys [14] 
and the coefficients of expansion for each temperature 
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| | l | | ATOMIC PERCENT OF ALLOYING ELEMENT 
10 20 30 Ficure 4. Effects of beryllium, copper, and silicon on 

ATOMIC PERCENTAGE SILICON coefficients of linear thermal expansion of aluminum. 











Ficure 3. € oe ficients of linear thermal cEpansien of annealed 5 For alloys containing from 1.2to 24.4 atomic percent of silicon. The present 
aluminum-silicon alloys. authors estimated that these alloys contained less than | percent of iron, 
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Coe ficients of expansion of annealed aluminum-itron and aluminum-copper-iron alloys by other observers 


Chemical composition 
by weight 


Observer 


Kempf 
Maresca 
Kempf 


range may be represented by a straight line ° similar 
to the linear relations indicated in figures 1 and 2 
for the eutectiferous aluminum-beryllium and alu- 
minum-copper alloys. The coefficients of expansion 
of the aluminum-silicon alloys for the three temper- 
ature ranges decrease with increase in the atomic 
percent of silicon. 

It has been shown that the addition of beryllium, 
copper, or silicon to aluminum causes a decrease in 
the coefficients of expansion. Figure 4 shows a 
comparison of the effects of these alloying elements 
(atomic percent) for three temperature ranges. 
Copper has a greater effect than beryllium, and 
silicon has the greatest effect of these three alloving 
elements. 

Table 1, E, gives average coefficients of expansion 
of three samples of aluminum-copper-iron alloys con- 
taining 9 and 10 percent of copper and | pereent of 
iron by weight, respectively. he expansion curve 
(fig. 5) of cast sample 1096 shows a marked increase 
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Fieure 5. Linear thermal expansion (in millionths per unit 
length) of cast aluminum-copper-iron alloy containing 10.1 
percent of copper and 1.1 percent of iron by weight. 


* In deriving the straight line for the range 2° to 300° C, the authors ignored 
Kemp's value for the coefficient of exp of the silicon alloy con- 
taining the highest content of silicon. 





Average coefficients of expansion per 
degree centigrace 


a to lor ¢ avr toaw’C By te 300 


in the rate of expansion on heating between 150 
and 200° C, probably due to precipitation or solution 
of soluble constituents, recrystallization, or release of 
strains. The curve on cooling from 200° C to room 
temperature was found to be regular. After cooling 
to room temperature, the sample was 0.050 percent 
longer than the length before heating. 

The expansion curves of annealed samples 1097 
and 1353 were found to be regular on heating and 
cooling. After cooling to room temperature, these 
samples were only 0.001 percent longer than the 
lengths before heating. The coefficients of expan- 
sion of these samples are slightly less than the co- 
efficients of expansion of the annealed samples con- 
taining 10 percent of copper and 0.4 percent of iron 
(table 1, C). 

Table 3 gives coefficients of expansion of several 
annealed aluminum-iron and aluminum-copper-iron 
alloys investigated by Kempf [2] and Maresea [15). 
The coefficients of expansion of the annealed alu- 
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TEMPERATURE, °C 

Ficure 6. Linear thermal expansion (in millionths per unit 
length) of aluminum-copper- magnesium alloys containing 4. 
percent of copper and 1.4 percent of magnesium by weight. 


Sample 1778, solution heat-treated at 920° F (493° C) for 1 hr, quenched in water 
and aged at room temperature; 1778A, same treatment as sample 1778, then ar d 
at 700° F (371° C) for 100 hr; 1778B, same treatment as sample 1778, then aged st 
800° F (427° C) for 500 hr. 





EXPANSION MIL LIONTHS 


m-copper-iron alloys of the present investigation | coefficients were derived from the expansion and 
bout 110~° greater than those reported by | contraction curves in figures 6 to 9. The average 

pf for an alloy containing 9.9 percent of copper | difference between the coefficients of expansion of 

| percent of iron. the samples aged at 700° F (371° C) and at 800° F 

an investigation of the physical properties of | (427° C) compared to the corresponding coefficients 
jinum alloys at elevated temperatures as one | of the samples aged at lower temperatures is + 0.6> 

e of research by National Advisory Committee | 10~°/deg C, but the average difference between the 
\eronautices on aircraft engine materials, determi- | coefficients of contraction of the samples aged at 
ms of the linear thermal expansion of samples 700° F (371° C) and at 800° F (427° C) compared 
olled) aluminum-copper-magnesium, aluminum- 
per-nickel, aluminum-silicon-magnesium, and alu- 
minum-copper-nickel-magnesium alloys were made. 
The chemical composition and heat treatment of 
these samples are indicated under F, G, 1, and J of 


tabie l. 
The observations obtained on heating and cooling Ps 
F P 
r 


the samples of aluminum-copper-magnesium, alumi- r 
num -copper-nickel, aluminum -silicon - magnesium, ” A 
A 
L 











and aluminum-copper-nickel-magnesium alloys to 
various temperatures between room temperature and 
soa° F (427° C) are shown in figures 6 to 9. The 
expansion curves tndicate that the linear thermal 
expansion of the samples increases with temperature. 
The contraction curves of the samples aged at 700° F 
371° C) and at 800° F (427° C) lie closer to the 
expansion curves than the contraction and expansion 
curves of the samples aged at lower temperatures. 
F, G, 1, and J of table 1 give coefficients of expan- 
sion and coefficients of contraction of the heat- 
treated) aluminum-copper-magnesium, aluminum- 
copper-nickel, —aluminum-silicon-magnesium, — and 
aluminum-copper-nickel-magnesium alloys. These a anteeaate 
Figure 8. Linear thermal expansion (in millionths per unit 
length) of aluminum-silicon-magnesium alloys containing 
12.2 percent of silicon and 1.2 percent of magnesium by 


weight. 
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Sample 1779, solution heat-treated at 940° F (516° C) for 1 hr, quenched in 
water, aged at 340° F (171° C) for 12 hr; 1779A, same treatment as sample 1779, 
then aged at 700° F (371° C) for 100 hr; 1770B, same treatment as sample 1779, 
then aged at 800° F (427° C) for 500 hr 
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| Figure 9. Linear thermal expansion (in millionths per unit 
length) of aluminum-copper-nickel-magnesium alloys con- 
| taining 3.9 percent of copper, 2.1 percent of nickel, and 1.4 
percent of magnesium by weight. 


Ficure 7. Linear thermal expansion (in millionths per unit 
ength) of aluminum-copper-nickel alloys containing 4.0 per- 
cent of copper and 2.0 percent of nickel by weight. 

Sample 1776, solution heat-treated at 960° F (516° C) for 1 hr, quenched in : lil . 

iter, and aged at 340° F (171° C) for 10 hr; 1776A, same treatment as sample Sample 1777, solution heat-treated at 960° F (516° C) for 1 hr, quenched in 
then aged at 700° F (371° C) for 100 hr; 1776B, same treatment as sample | water, aged at 340° F (171° C) for 10 hr; 1777A, same treatment as sample 1777, 
then aged at 800° F (427° C) for 500 hr. then aged at 700° F (371° C) for 100 hr 
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Ficvunre 10 ‘ortion of lernary diagram indicating the effects 
of composition (percentage by weight) on the coeflicients of 
linear expansion (in millionths per degree centigrade) of 
annealed aluminum-copper-nickel alloys Jor the range 20° to 
war ¢ 


From data in figure 2: @, authors (24.3); Willey and Fink (24.2), @ Kempf 


to the corresponding coeflicients of the samples aged 
at lower temperatures is only 10.2% 10° “/deg C. 
The coefficients of expansion of the aluminum- 
silicon-magnesium alloy containing 12 percent of 
silicon are nearly 15 percent less than those for the 
aluminum-copper-magnesium, aluminum -copper- 
niekel, and aluminum-copper-nickel-magnesium  al- 
loys containing about 4 percent of copper 

The dimensional changes of the samples of 
aluminum-copper-magnesium, aluminum -copper- 
nickel, aluminum-silicon-magnesium, and aluminum- 
copper-nickel-magnesium alloys at room temperature 
after heating and cooling during the thermal-expan- 
sion determinations were less for the samples aged at 
700° F (371° C) and at 800° F (427° C) than for 
those aged at lower temperatures (last column of 
table 1). 

Figure 10 indicates average coeflicients of expan- 
sion of annealed aluminum-copper-nickel alloys for 
the range from 20° to 300°C. Values obtained by 
Kempf [2] and Willey and Fink [9] are included in 
the ternary diagram. Coefficients of expansion of 
aluminum-copper alloys were taken from the straight 
line (20° to 300° C) shown in figure 2. The curves 
in figure 10 were derived from the data shown in this 
ternary diagram. Each curve (or straight line) 
called an isodil,’ represents a constant coefficient of 
expansion for various ternary compositions for a 
definite temperature range. 

The isodil 
nickel alloys are nearly perpendicular to the alumi- 


’ The word “isedil” was derived in 1001 by Hidnert, from “ise” (Greek feos, 


meaning equal) and from the first three letters of “dilatation” 


s for the annealed my ape RE 





Alo 9 12 's 

SILICON , PERCENT 

Ficure tl Portion of ternary diagram indicating the effects of 
composition (percentage by weight) on the coeflicrents of linea 
expansion (in millionths per degree centigrade) of annealed oy 
heat-treated aluminum-silicon-copper alloys for the rang 
20° to 300° © 


. Authors; @, from data in figure 2 
@. Maresen (1m) 


D. from data in fieure 3; ©, Barber (1009 


num-nickel side of the ternary diagram, and indicate 
the effects of composition on the coefficients of 
expansion of these alloys. 

The coefficients of expansion of the heat-treated 
aluminum-silicon-magnesium alloy containing about 
12 percent of silicon and 1 percent of magnesium are 
in close agreement with the coefficients of expansion 
reported by Willey and Fink [9] for an pectin and 
a heat-treated alloy of approximately the same 
composition. 

Table 4 gives coefficients of expansion of alumi- 
num-copper-nickel-magnesium alloys investigated by 
Bollenrath [8] and Barber [12]. The mean of the 
coefficients of expansion of these alloys for the ranges 
from 20° to 100° C and from 20° to 200° C is 0.7 10 
smaller than the mean of the coefficients of expan- 
sion of the samples of the aluminum-copper-nickel- 
magnesium alloys of the present investigation for 
the corresponding temperature ranges. For the 
range from 20° to 300° C, the corresponding differ- 
ence between the means of the coefficients of ex- 
pansion is 0.3 107°. 

Figure 11 indicates average coefficients of expansion 
of annealed or hant-tvented elumuinemnalianaaanent 
alloys for the range from 20° to 300° C. Values 
reported by Maresea [15] and Barber* [12] are 
included in the ternary diagram. Coefficients of 
expansion of aluminum-copper and aluminum-silicon 
were taken from the straight lines (20° to 300° C) 
shown in figures 2 and 3. 


* Barber reported values ranging from 20.6 to 21.6X10-* for 4 samples containing 
11.0% of silicon and 5.0°% of copper. The spread of the values is large, and op 
yarently nominal values were reported for the chemical composition. Accor- 
| the average of his valves (21.2 x 10-*), indicated in figure 11, was ignored in 
deriving the curves. 





Taste 4. Coefficients of expansion of aluminum-copper-nickel-magnesium alloys by other observers 


Chemical composition (by weight Average coefficients of expansion per degree centigrade 
lreatment 
si Fe 2° tome C 2 © to2n’C 2 © tose C 2° toa C2 to HHP 


mas we 5 Annealed at 526° C for 24 hours and 2. 2K 1G~* 28x 1 24.6« 10 25. 45x 16-¢ 21 
cooled to room temperature in 16 
hours 
Wrought, quenched from 511°C in 
fairly hot water, and aged at 
room temperature 
Same treatment as preceding, then 
viver stability heat treatment at 
mec 


iy W221 


lifferenes WEIGHT PERCENTAGE SILICON 
10 

lhe isodils for the annealed or heat-treated alumi- t 
num-silicon-copper alloys are nearly perpendicular 
‘to the aluminum-silicon side of the ternary diagram, 
and indieate the effeets of composition on the 
coellicients of expansion of these alloys. 

Coeflicients of expansion of a cast and of an an- 
nealed aluminum-copper-tin-zine alloy containing 
about 2 pereent of copper, | percent of tin, and | 
percent of zine are given in table 1, K. The coeffi- 
cients of expansion of the annealed sample for the 
temperature ranges to 200° C are less than the 
coeflicients of expansion of the cast sample. 

\ comparison of the coefficient of expansion of the 20° To 300°C 
sample (1205) of annealed aluminum-silicon-copper- 
manganese alloy® from 20° to 300° C with the isodils 
for annealed aluminum-silicon-copper alloys in figure 
i! indicates that the addition of 1.1 percent of 
manganese and nearly | percent of iron to a ternary 
aluminum-silicon-copper alloy containing 20 pereent 
of silicon and 3 percent of copper, reduces the coefli- 
cient of expansion. 

The effects of additions of copper and nickel to 
aluminum-silicon alloys are indicated in figure 12, 
which was prepared from the data shown in table 1, M, 
and in figure 3 and from data by Bollenrath [8], 
Bungardt and Schaitberger [16], and Barber [12]. — In 
every ease except one, the additions of copper and 
nickel caused a decrease in the coefficients of 
expansion, 

The effeets of the addition of 4.2 percent of nickel, 
1 percent of copper, and 1.1 percent of manganese 
and of 4.4 percent of nickel, 4.1 percent of copper, 
and 1.4 percent of molybdenum to aluminum-silicon 
alloys are also indicated in figure 12. These addi- 
tions caused a decrease of about 2 10-% deg C in 
the coefficients of expansion. 
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Fiovre 12. Effects of additions of two or three elements (Cu, 
Ni, Mn, and Mo, percentage by weight) on coefficients of 
near expansion of aluminum-silicon alloys. 
efficients of expansion of eluminum-silicon alloys represented by = straight 
rom figure 3. @, ALSi-Cu-Ni alloys; ©, Al-Si-Ni-Cu-Mn alloys; §. 
Ni-Cu Me alloys. 1. Cu 7.2, Ni 7.2; 2. Cu 0.9, Ni 4.0; 3. Cu OS, NI 3.9 4 
NiLO; 5. Ni 44, Cu 4.1, Mo 14; 6. Cu 8.0, Ni4t: 7. Cu 4.0, Ni41;8 Cu 20° TO 100°C 
LS & Ni4.2, Cu 3a, Mn 1.4; 10. Cu 15, Ni, 1 percent by weight. 1, 2, 3, L. L =, _f 
wd 9, authors; 4, Barber (149); 8, Bungardt and Schaitberger (1939); 10, 20 3 
ith (1933) PERCENTAGE SILICON 
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Some Accurately Measured Infrared Wavelengths for 
Calibration of Grating Spectrometers’ 


Earle K. Plyler, Norman M. Gailar, and Thomas A. Wiggins * 


The measured values of the wavelengths of 60 lines in the 1.1- to 2.3-miecron spectral 


region are reported. 
used in the calibration. 


The absorption lines of the bands of methane and water vapor were 
The methods of measurement are discussed. 


Also discussed are the 


methods of superimposing the well-known emission lines of several sources on the absorption 


lines that were measured. 
reported by other workers. 


1. Introduction 


The infrared spectra of many substances have 
been recorded and measured, the results being used 
to calculate various molecular constants. The equip- 
ment used and the techniques of measurement have 
varied from one laboratory to another, and in many 
cases the values reported for the same quantity have 
differed. In addition, the modern infrared detectors 
have permitted the construction of grating spectrom- 
eters of much higher resolution than was previously 


possible. It now seems desirable to reevaluate the 


methods of measurement-so that the greater resolving | 


power available may be best utilized. 


The simplest method of calibrating a spectrometer | 


is to use one known wavelength and assume a sinusoi- 
dal dispersion. This method, of course, is the least 
accurate of those currently used. The next best 


method is to use two known wavelengths and assume | 


linear dispersion between them. The closer together 
the two known wavelengths lie, the better the 
resulting measurements will be. This method is often 
extended to three or more known lines fitting a 
parabola or a cubic to them, thus establishing a scale 
to be used in that region. Experience in the radiom- 
etry laboratory of the Bureau indicates that this 
method often fails to yield wavelengths to the desired 
accuracy because of certain errors. 

Errors in measurement obtained from a grating 
instrument are caused by several factors. Theoreti- 
cally a grating should show a sinusoidal dispersion, 
and, to a first approximation, does. Thus, linear 
dispersion is suitable only to the extent that a straight 
line approximates a sine curve. The use of a quad- 


ratic or cubie expression more closely fits the sine | 


relation. There are errors, however, that cause the 
dispersion to vary from the sinusoidal, and these 
cannot be compensated for by the use of a quadratic. 


There are systematic repeatable errors that can be | 


attributed to irregularities in the gearing of the 
mechanism that drives the grating. These can, in 
effect, superimpose “ripples’’ on the sine wave. 
These effeets can be minimized by using many stand- 
ard wavelengths, Another type of error is a seeming 
random error that is not repeatable. Both types 
can be of considerable magnitude. 
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The values obtained for some lines are compared with values 


The method of calibration used is to superimpose 
many well-known standard emission lines (Hg, Kr, 
Xe, ete.) on the record of the substance being ex- 
amined. Although this is standard procedure in 
photographic spectroscopy, it is not often used in 
infrared spectroscopy. The advantage of this super- 
osition lies in the mipimizing of the random errors. 
Eiees measured this way seem to reproduce better 
on successive runs. When standards are available 
at small wavelength intervals, linear interpolation 
repeated several times averages out the random errors 
and gives results repeatable to 0.2 to 0.3 A. When 
the standards are approximately 100 A or more 
apart, a dispersion curve is plotted and smoothed, 
and the results from several sets of readings are 
averaged. Measurements usually reproduce to better 
than 0.5 A. Further refinements, which are dis- 
cussed later, have made it possible to measure the 
lines reported in this paper to an accuracy better 
than 0.1 A. 

Inasmuch as many laboratories do not possess 
the equipment to place the required standard lines 
on their records, this paper presents the wavelengths 
of 60 accurately measured absorption lines in the 
1.1- to 2.3-~ spectral range by utilizing the absorp- 
tion of atmospheric water vapor and of natural gas, 
(CH,), materials easily obtained. These 60 lines 
may be used to check or to establish the calibration 
of instruments, or they may be superimposed on 
records of absorption or emission. 


2. Experimental Details 


The absorption spectra of CH, and H,O were 
obtained in five regions, higher orders of well-known 
emission lines being superimposed on the absorption. 
The source of the continuous energy for the absorp- 
tion was the hot electrode of the discharge tubes, 
which provided the emission lines. 

In order to have sufficient standard lines it was 
necessary to use two or more discharge tubes simul- 
taneously. The arrangement of the sources is shown 
in figure 1, which shows two methods of introducing 
athirdsource. These methodsare (1) usingaspherical 

,mirror, and (2) reflecting the light from the third 
source (marked neon) from a plane mirror that 





Arrangement of multiple sources and of absorp- 
tion cell 


Fiaure | 


could be swung into position, momentarily directing 
this light onto the slit and intercepting one or both 
of the other sources. 

The cell shown in figure 1 was a 60-cm cell and 
was used for CH, Previous tests having shown no 
measurable difference between the bands of pure 
CH, and natural gas in this region, the cell was filled 
with natural gas. 

The spectrometer has been deseribed previously 
{1] It will suffice to state that it consists of a l-m 
off-axis paraboloidal mirror focusing the energy onto 
a 15,000 line/in. plane grating, and an ellipsoidal 
mirror to focus the diffracted energy onto a lead sul- 
fide detector. The signal is amplified by a Wilson 
amplifier and recorded by a recording potentiometer. 
The chart speed and grating drive were adjusted to 
obtain dispersion of 12 to 20 A/in. ‘This dispersion 
varied, depending on the spectral region and order 
number. The L.l- and 1.3-a bands of water, for in- 
stance, were measured in the second order to obtain 
greater dispersion and to utilize emission lines that 
did not appear in the first-order regions of water. 

Survey runs were made to determine which com- 
binations of sources would be most useful in a given 
region. Sources were selected that provided emis- 
sion lines reasonably close together, one of which 
fell near a well-defined absorption line 

It was observed in many cases that absorption 
lines were superimposed on emission lines, thereby 
producing distortion in the shape and position of the 
standards. In these cases a quarter-inch water cell 
was inserted in the optical path at the position marked 
“filter” in figure 1. This filter ened radiation of 
wavelength greater than 1.34 and permitted the 
higher orders of standard lines, which are of shorter 
wavelength, to be recorded undisturbed. In a simi- 
lar manner an emission line of order greater than the 
first could be removed by a different filter, so that 
the absorption line could be accurately recorded. 

The output of the amplifier was attenuated when 
an intense emission line was being recorded. This 
gave the pen ample time to senerd thes line and per- 
mitted more accurate location of the line center. 
In one case the slit was widened and the amplifier 
rain inereased in order to utilize weak emission 
rod the pen being kept on seale by attenuation. 
Near an emission line the water cell was placed in 

~osition and the attenuation removed, allowing the 
line to be recorded with sufficient intensity to be 
easily measurable. 


* Figures in brackets indicate the literature references at the end of this paper 


3. Measurement 


The method of measurement consisted prim». |\ 
of using linear dispersion between two closely spa. o< 
known lines. The absorption lines measured \ 
those that showed no structure under the high ost 
dispersion available. In general, lines to be myys- 
ured were chosen as near a standard line as possi!le. 
as it was found on successive runs that the measured 
wavelengths of these lines reproduced best. 

At times, it was impossible to find two standards 
near enough. In these cases two absorption lines 
flanking an emission standard would be identified 
from other papers [2, 3], and the wavelengths from 
these papers would be used to calculate a dispersion 
factor. This factor would then be used in conjune- 
tion with the emission line. As the absorption lines 
measured in these cases were all very near the emis- 
sion lines, relatively large variances in the dispersion 
factors made only small differences in the measured 
valued of the wavelengths of the absorption lines 
The relative accuracy of this method was established 
by measuring several lines by both methods, the re- 
sults always differing by less than 0.1 A. 

In order to minimize the effects of the random 
errors, six runs were made of every line measured 
As there was often a small difference in the meas- 
ured value of a line when the instrument ran toward 
higher wavelengths in comparison with the value 
when run toward shorter wavelengths, half of the 
runs were taken in each direction. 

All but two of the standard lines have been 
measured interferometrically [4]. These two lines 
have been reported to 0.01 A from intercomparison 
methods. 


4. Results 


Tables | to 5 present the measured values of the 
60-lines. In addition, the tables include the wave 
numbers reduced to vacuum, the nearest emission 
lines used as standards and, where possible, the re- 
sults of measurements of other workers [2, 3, 5, 6, 7] 
given for comparison. The lines felt to be the most 
accurate are marked with a superscript ‘a’. These 
lines all fell very near a standard line and, in addi- 
tion, had an average deviation from the mean of 
+0.1 A or less. The wave numbers were found by 
inverting Kayser’s tables [8] with Babcock’s [9] 
correction for the change of index of refraction of 
air in the infrared. 

In the case of methane, the absorption spectrum 
was taken at two different pressures, 18 em of Hg to 
sharpen the strong lines, 76 em of Hg to show the 
weaker outer lines. It is requeentad that these 


»yressures be employed when the observed wave- 

long hs for methane are to be used as standards. 
Figures 2, 3, and 5 are actual records obtained of 

the absorption spectra of water at 1.1, 1.3, and 1.8 4, 


respectively. Figures 4 and 6 are similar records of 
| CH, at 1.7 and 2.2 yw, respectively. To aid identifi- 
_ cation, the wavelengths of some lines not measured 





Results of necsuremert in the 1 I-p Land of H.O 


W ter-v > por: bsorption 
Stonderdizing w’ ve 
length emploved 
grating order) 


B heowk k jess 
rnd Moore wove 
we volen ‘tos lengths 


Vecuum 
wi ve 
number 


cn i i 
S011. 55 11180. OS 111s0.75 
BASS. 50 11251. 15 
FARSI. 53 1l2M4. 42 
S765. 11 11405. 83 
aT) SD 11463. 69 


11204. 47 
11405. 05 


ate lines considered to be most accurate 
e fraction represents the fector for correcting for order number Thus 3/2 
« the measurement of the standard line in the third order ond of the 
m line in the second order. The division of the order number into the 
t wavelength at the right gives the actual wavelength of the standard line 


» 2. Results of measuremert in the 1.33- to 1.48-4 band 
of HO 


Run in second order 


Wer ter-vapor absorption 
Stand: rdizing wave- 
length employed 
Nelson we ve (grating order) 
lengths [3] 


Ve coum Ww ve 
number 


1 
13436. 9 
13571. 2 
13638. 4 
13605. 5 
13740. 5 


13434 
13.568 
13651 
13051 
13743 


13835. 1 
13085. 4 
140000 1404 
14172.2 14163 
14280. 4 : 7/2 «14272 


13836. 7. 
13430 


2 May 
th 2 14424 


14490, & 
14619. > 
14619. 


14502. 02 
14°00. 7 
14628. 5 


14707. 3 
14767_0 


14704. 7 
14767 


Indicates lines considered to be most accurate 

The fraction represents the fctor for correcting for order number. Thus ? 
ites the me surement of the standard line in the third order and of the 
rption line in the second order. The division of the order number into the 
ent wavelength at the right gives the actual wavelength of the standard line 


Results of measurements in the 1.?-y band of CH, 


Meth ne « bs option 


MeMath, 
Mohler, 
and 
Goldberg 


Standerdizing wave- 
length employed 
(grating order) 


Nelson, 
Plyer, and 
Benedict 
wave- 
wave 
. a leneths 
rm {6} 


Vacuum 
wave 
number 


Observed wave- 
length 


em i i 
H15S. : 16233. 
O14. Se 16340 
noon. : 1ASOS 
Hw7H. § 1st) 
aon 132. 


1AG4Y. 6 
16398. 9 
1M S 
16532. 9 


ASSO 
16S. 5 


1M. 


16561. 1 
16589 8 
16740.0 
16835. 6 
16868. 4 


1560): 
1506. 2 
16755. 4 


Hw! 16500 
Hes. 16588 
5972. 15 16739 
OW 17 16835 
sa. 1ASAS. 
572. 17022 
5823, ivi 
S773. 8 17315 


5757. 57 


lier.tes line considered to be most accurate 


TaBLe 4. Results of mersurements in the 1.77- to 1.98-4 


band of wetler 


Weter-vapor : bsorption 
Standerdizing weve 
length employe! 
Nelson weve (grating order) 


lengths [3] 


Observed wave Vecwim weve 
length number 


cm i 
ww. 75 17843. 3 
SMM 4 17065. 0 
5527. 87 1SONS. 
‘48s. 08 IS216. 
MOS. 80 TS206, 


i 
17834. 50 
17075. 14 
TS080. 0 
18223. 01 
IS2NS. 40 


Is420. 19 
1S400. 78 
18651. 84 
18014. AT 
19148. 97 


2s. 60 
409. 19 
5304. 15 
52M. 73 
5218. 71 


IS415 
Is4s1 
ISART. 
ISGIT 
19156. 


19206, 74 
19519. Ss 


526. 27 
511o. 34 


122. 2 
152s 


* Indicates lines considered to be most accur:.te 


Tasie 5. Results of measurement in the 2.2-4 bands of 


Methane absorption 
Standerdizing wave 
length employed 


Ibserved Vecuun (grating order) 


veleneth wave number 


for this paper are reported. The present values are 
underlined. Table 1 shows a very close agreement 
between these values and those of Kiess [7]. As a 
result of this good agreement, figure 2 includes the 
values reported by Kiess for many lines. They are 
believed to be accurate to +0.1 A. 

Two bands of CO have been measured and reported 
separately [10]. The results therein reported sup- 
plement the wavelengths reported here, so that 
standards are available over practically the whole 
spectrum from 1.1 to 2.5 gu. 

These measurements constitute the first part of a 
larger program. It is intended to extend these 
measurements to cover the entire spectral range 
from 1 to 6 uw. 


The authors thank Carl C. Kiess, who kindly 
permitted the use of his measurements in the 1.1-u 
water band. Publication of his complete results, 
obtained at the Bureau, is pending. 
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A Method of Summing Infinite Series 


Samuel Lubkin 


This paper describes a new method of obtaining an equivalent series from a given infinite 


convergent or divergent series. 


In many cases the new series is more convenient for summing 


than the original and, moreover, the same method may usually be one indefinitely to 


obtain an entire sequence of series each equivalent to the original anc 
‘The new method differs from most summing methods 


—— in summing properties. 


each better than its 


eretofore employed in that terms of the transformed series are not linear functions of terms 


of the original series. 


The paper includes proofs of theorems indicating the scope of the new 


method and comparisons of results with various other methods for many specific examples. 


1. General 


Infinite series are not always amenable to con- | 


venient summing by usual methods. Even when 


convergent, a series may converge too slowly to per- | 


mit ready evaluation or may consist of terms which, 
individually, require so much labor in evaluation as 
to make determination of sufficient terms for sum- 
ming even a moderately rapidly convergent series 
quite difficult. 
nitude of the smallest term seems to set a lower bound 
on the accuracy of evaluation. For other types of 
divergent series, a convenient summing method may 
not be available. This paper presents a method of 
transforming series that may be of value in all these 


cases. To the best of the author's knowledge, the 


method is original with him, and has not been previ- 
ously published, although the author has used it since 


1937.! 
Essentially, the method consists of approximating 


the series after the first m terms by a geometric series | 


whose first term is the (m+ 1)th term of the original 
series and whose ratio is the ratio of the (m+ 2)d term 
to the (m+1)th. These approximating sums for 
successive values of m may be considered to be suc- 
cessive partial sums of a new series that has the same 
sum as the old but has, frequently, superior summing 
properties. The process may, in many cases, be re- 
peated again on the new series to get a third series 
with still better properties. An indefinite number of 
repetitions may be possible, as will be shown in ex- 
amples given later. 

This method differs from summiag methods usually 
employed in that the terms of the transformed series 
are not linear functions of the terms of the original 
series. It should also be — out that various 
modifications of the method are possible such as use 
of other types of approximating series instead of the 
simple geometric series,’ but loss of simplicity is 

! since tne nrst draft of this paper, the author bas learned of a talk presented by 
1). Shanks at the Naval Ordnance Laboratory, White Oaks, Md. entitled “Math- 
ematical sequences treated as transients’, which basically considers each term of 
a series as the sum of corresponding terms of one or more geometric series. When 
a single geometric series is considered, his procedure reduces to that discussed in 
this paper. More complicated, but generally more effective, transformations 
result from the use of more than one component geometric series. Finally, he 
has found it possible to use an infinite number of component series, in which case 
the sum can be represented as a ratio of two determinants of infinite order, which 
generally converge with considerable rapidity. The author also understands that 
Otto Szasz has had, for sometime past, a paper under preparation which embodies 


similar material 
? Such as the sum of several geometric series as taken by Shanks in the talk 


referred to in the previous footnote. 


If the series is asymptotic, the mag- | 





likely to offset any gain resulting from use of better 
fitting approximations.* 

Summarizing, this paper discusses the transforma- 
tion of a given infinite series: 


S- Ay +, + @,+a,+4 Tan PT Onyit 


into a new series: 


T = by + by 4+ by + b34 + ba + bays 


If we define the partial sums by 


S,=d)+a,+a,4 
and 


T, = bo + 6,+ 624 
the 7’ series is defined by the relations 
Ty af x R,); 


a 
T S = >n>od 
n” ” it l Po R, - ‘ 
where 
R,> a,/Ay +1» 


defined only for n>0. 

This relation can also be stated, by minor manipula- 
tion, as: 

4 ’ a 

T, = S,, + RP. 
l ~~ thn al 

So 


Si Sn Sa gi 
’ J ’ 
2S,—S, 


ae v y Y 
2S,— n—-1—S a4 


T. ’ n>0; Ze 


From these relations, we readily obtain: 


=e. Sa 
1—R,’ 


b,=a, ( = i +e) n>0 


for the terms of the new series. 
Examination of these relations shows that a finite 


by- 


+ See, however, transformation W below and theorems on its properties. 





ration (modification or elimination of a finite 
ober of terms) in the original series results only in 
Lite alteration in the transformed series. We also 
that the conditions /?,=1 or a,-=0 require 
ial consideration. In the former case, we get 
© to correspond. 
mber of values of n, we may avoid the difficulty by 
‘itable finite alteration (such as omission of the 
N terms where N exceeds any n for which 
1) in the original series. If it oecurs for an 
set of values of n, the transformation has 
unless the original series can be 


nite 
le value 


oid this difficulty. If a,—0, we may take 6,=0 
na Te Sn-1 S, and 6, 4;= Onyi/(I—PRy ye) if €y4, 40 
but a,=0; as a set of relations consistent with those 
ven for a,#0. However, 7,,=—S, at those values 
of n for which a, 


ihe original series between successive zeros. Example 
: below is an illustration. The theorems given, how- 
ever, are valid without specific limitation if we use 
the relations suggested when a,=0 since their 
hypotheses rule out /?, =1 at an infinite set of values 


of n» automatically or the results follow even if this is | 


the case. 
For convenience m later 
following definitions: 


R 


discussion, we add the 


lim ?,,. (10) 


n-+@ 


R,), defined only for n>0. (11) 


Q=lim Q,. 


R)). 


—n(l- 


1/(- 


0 Ao 


ae 13) 


=x % SIR n>0. 


We shall also make use of another transformation 
defined by the relatious: 
Ww (14) 


(15) 
(16) 


Wot W, + We +WntWagit..., 


W,=wotwitw.t...t+w,, 
= T, — Pa S, 
1—P, 
From these, we readily obtain: 


a,(1 —R, +1) sn >0 
1—2Rwuit RRegs ~ ’ 


a,4(1—R,) 
1—2R,,, T R,R, 4, 


of! ae hf 
1—2R,+R,R,* R, |’ 
= 


af 1— R41 
"L1—2R,.:+R2.R,,, 1—2R,- 


W,=S.-at+ 


S,+ sn >0. 


w= 


-R, ‘pe }n> 


If this occurs for a finite | 


re- 
ranged, terms combined, or split into subseries to | 


The W 


transformation is similar to the 7  trans- 


| formation in that a finite alteration in S causes only 





0 implies that the transformation | 
no better than can be achieved by adding terms of | 


(12) 


| footnote to a source. 
| possible, such reference will be made to the “Theory 





| 
| 





a finite alteration in W. Such an alteration may be 
used to avoid consideration of a finite number of 
terms for which either a,—0 or 1—2R,+R,R,_,=0. 
The transformation is obviously not of value if an 
infinite number of terms have either property. As 
for the 7 transformation, we shall take w,—0 when- 
ever a,=0. The relation 1—2R,+A,R,-,40 will 
be assured, except for a finite number of terms at 
most, by the conditions of the theorems concerned. 
In accord with usual terminology, we shall say 
" 
26m 
is more rapidly convergent than S if both S and Cc 
converge and (C—C,)/(S—S,), the ratio of the 
corresponding remainders, tends to zero as n tends 
to infinity; is of the same order of rapidity of con- 
vergence if both series converge and (C—C,)/ 
(S—S,) remains in value between two finite posi- 
tive constants for all sufficiently large n; and is no 
less rapidly convergent than S if both series con- 


that a series C Se with partial sums C, 


_ verge and the ratio of corresponding remainders is 


bounded as n 

The remainder of this paper makes use of the 
common definitions and theorems, generally without 
specific acknowledgment. Where such material i 
believed less well known, reference will be made by 
For convenience, wherever 


>@, 


and application of infinite series” by Konrad Knopp, 
English Edition (1928) and will consist merely of the 
name Knopp followed by the page number in this 
text. 

No extensive bibliography is included in this paper. 
The reader will find appropriate references to other 
sources in the book by Knopp mentioned above and 
in a report by R. D. Carmichael in the Bulletin of 
the American Mathematical Society, 25, pp. 97 to 
131 (1918) on the subject “General aspects of the 
theory of summable series”. An extensive biblio- 
graphy on similar material will also be found in 
“Studies on divergent series and summability”’ by 
W. B. Ford (Macmillan, New York, N. Y. (1916)). 
Since the first draft of this paper, a book by G. H. 
Hardy, titled “Divergent series’’, has been published 
by the Oxford University Press. The following are 
several papers dealing with methods of obtaining 
sums of slowly convergent series that appeared more 
recently: 

J. A. Shohat, On a certain transformation of 
infinite series, Am. Math. Monthly 40, 226 to 229 
(1933). 

W. G. Bickley and J.C. P. Miller, The numerical 
summation of slowly convergent series of positive 
terms, Phil. Mag. [7], 22, 754 to 767 (1936). 

J. W. Bradshaw, Modified continued fractions 
for certain series, Am. Math. Monthly 45, 352 to 
362 (1938). 

J. W. Bradshaw, Modified series, 
Monthly 46, 486 to 492 (1939). 

O. Szasz, Summation of slowly convergent 
series, presented before Am. Math. Soc. June 19, 
1948, and in J. Math. Phys. 28, 272 (1950). 


Am. Math. 





2. Original Series Convergent ‘ 


In this section, the transformation 7 (and, in cer- 
tain cases, W) will be considered in connection with 
an original series S, which is convergent. ‘Theorems 
will be stated and proved that give some of the con- 
ditions under which the transformation leads to a 
convergent series; beginning with one that states 
that, in this case, 
sum as the original. Since, 
convergent series, the transformation is chiefly 


in connection with a 
in- 


tended to permit more convenient numerical evalua. | 


tion of the sum, we shall be mainly concerned with 


the relative rapidity of convergence of the derived | 


and original series. 
It is convenient to have criteria on rapidity of 
convergence that involve relative magnitudes of in- 
dividual terms of the series considered rather than 
of remainders. A group of lemmas on this subject 
thus precedes the eal part of the discussion. The 
section closes with a number of numerical examples 
that show some of the types of behavior that may 
be encountered, 
Lemma iS 


then the 


with R,>O for n 
>‘ 


Jd 


is convergent 


N uflicre nily large : series C 


CONLETYES 


with the same order of rapidity as S if there exist 


constants A, B, and N such that AB >0 and A>e, 
a, >B for all n->N; no less rapidly than S if e,/a, 
is hounded as no @;: and more 
c,/a,- 90 as n> @., 

Proof: We restrict ourselves throughout to n suffi- 
ciently large without specific statement to that effect. 
ince R, > 0, all a, are of the same sign, which we 
may assume to be positive. Then, since (¢,/a,! is 
bounded for all cases considered, C converges. If 


A>e,/a, >B, we have Aa, >c, >Ba, and A>? a 
n 


>> en > BSS a, so that A> Sle, /S5a,>B. If 


" " n ij 


AB 


n n 
has a value between A) and B and hence C con- 
verges with the same order of rapidity as S. If 
c,/a, is bounded, A and B exist but may be of oppo- 
| 


<Dwhere D 
« © 


Al and B and hence C converges 
If ¢,/a,->0, then, for any 
~¢ for n sufficiently large. 


-0, then Aand Bare of like sign and dem San 


site sign. In this case, > 2 %e La. 


is the larger of 
no less rapidly than S. 
« >0, we have e>¢c,/a, > 


Hence 2 tm 2 4n <«->0 as no so that C con- 
verges more rapidly than S. 


mma 2. IfSis convergent with RR, , 4 Ras 1) 
x(1+R,.) >0 for n sufficiently large, and the series 


C=S? c, has terms such that c,--0 as n-@, then C 


converges with the same order of rapidity as S if there 
exist constants A, B, and N such that AB>0O and 


4 Uniess otherwise stated, nomenclature is that given in section 1, We also 
use the same symbol to represent a series and its sum. 


§ Knopp, p. 197. 


the derived series has the same | 


) since S\Y = Sy, 4) 


1 CMe, 
rapidly than S if | 





Neu t Ong) / (dat Anyi) >B for all n>N; no 
rapidly than S if (ey + asy)/(Qn+n4)) 18 bound, 
n-»>@; and with greater rapidity than S if (e,+¢ 
(Ay + Ayn41) 90 a8 n> @, 

Proof: We assume n sufficiently large. Then 
a,(1 T Rss) 
a.» o(1 T R, 1) 


RR, A+R DO 


wy 
D> (den t Gan 41) 


The So and S® 


series 


SO (Ga) + ay) both converge and have the sum § 
“o 

Sand S?=S,,—-S. By Lemma 
>> (Con + Congas) CONVErGes With the 


0 
indicated rate for each condition as compared to series 


1, the series C' 


S“” and the same holds for the series C= ¢,4 


33 (eo ' Now C! 
1 

Congi wl '™ smee c,-0. Hence CC 
a i C.»=C?—-C® and C, 
Hence C converges and ( 
We now have 


+ €y,) as compared to S 


so 


hence proving the lemma in view of the known rates 
of convergence of C® as compared to S® and C as 


compared to S“. 


If S is convergent with RR,» A+R,.)) 
\1+R, >K>0 for n sufficiently 


Lemma 8. 
(1+R,4,;)>0 and 


large, then the series C+ 


- SS c, converges no less rapidly 
0 


than S if c,/a, is bounded as n-» © and more rapidly 

than S if ¢9/ a, -O as n 
Proof: Since S converges, a,->0. Hence, for either 

condition, ¢,->0. Also, for n sufficiently large, 


>@. 


i 


Cn+ 


“‘Guodl a Rass) 


Ca Cn4i_ 
a,(1 T R,, + m 


CatCnsi|_ 


[An PT An yt) 


Tn at 


lic, | lle, 


Kia, K a, 


and is thus bounded (or—0) when c,/a, is bounded 
(or->0). We may now apply Lemma 2. 
Remark. The condition 2, RA, (1+ Ry.) + Ry) >0 
is satisfied if R,>O for all nx or if R,<O and 
(1+R,.,)A+R,..)>0 for all n. A special case of 
the latter is O>R,>—1. 

Theorem 1. If both S and T converge, they have 
the same sum. 


Cn4i 


Ona 





Proof: Suppose T#S. Then, from (7), 


a, J=f S,.-T-—S#0. 
ce S converges, a,-°0. Hence, from the above, 
R, 0 or R,->l. Therefore, for n sufficiently 
ve, R,~>0 and all a, are of like sign. In view of 
above, this requires that 1—R, be of constant 
om for n sufficiently large. Hence, either R,>1 


1 (1-4 | Rese 


If S converges, R land (1+8,,,)/ 
then T converges with greater rapidity 


Theorem 5. 


than S. 

Proof: Since R 1, we have R,<0 for n_ suffi- 
ciently large. Hence 2,2,.,>0 and 1—R,>1. 
From theorem 2 it follows that 7° converges so that 
b, 0. Since (1+ R,.,)/1+-R,)-1, it is positive for 


_n sufficiently large and 


all sufficiently large n or R,<1 for all sufficiently | 


The former is impossible since a,->0. The 


rve n, 


iter, coupled with the constancy of sign of the a,, | 


estes that, for n sufficiently large, either S or —S 


onsists of positive monotonically decreasing terms. | 
onvergence of S thus requires that na,->0.° How- 


| Now 


ver 
a, 


R, 


na, 


TS. 
n(il—R,) 1 


R,)—0. 


Henee we must have n(1 


This is not pos- | 


sible since S converges.’ Therefore our supposition | 


cannot be true, and T=S. 
Theorem 2. If Sis convergent and |1- 


R, >K,>0 


ior sufficiently large n, then T converges. If, in addition | 


1+R, 
lf furthermore, R,.,—R,-0 as n-+@, then T con- 
erges with greater rapidity than S. 

Proof: Since S_ converges, 
a, l—R,)\<\a,|/K, 0 and, from 
\lso, from (13) 


4). Hence 
T,~S, oS. 


Uy 


(7), 


l 2 


Pet Raalt 1) —Ral SR 


and thus remains bounded while, if R,., 


> | ae a 
P. i—F..1—E) 


\pplication of Lemma 3 now completes the proof. 

Theorem 3. If S converges and R exists #0, —1, 
or 1, then T converges with greater rapidity than S. 

Proof: Since S converges, R) <1. But R) #1 by 
hypothesis. Hence, Ri<1. Now R,--R. Hence, 
for n sufficiently large, 1+4R,>(U—|R)/2>0. If 
R>0 (or <0), then R, >0 (or <0) for n sufficiently 
large. In either case, R,R,_,>0 for n sufficiently 
large. Wealso note that 2, >R requires R,,,—R,->0, 
and we therefore satisfy all the conditions of The- 
orem 2. 

Theorem 4. If S converges, R=0, and R, is of 
constant sign for n sufficiently large, then T converges 
with greater rapidity than S. 


Proof: Since R, 0, we have 142, > 5 
sufficiently large. Also R,R, .>0, since R, is of 
constant sign, for n sufficiently large. 


apply Theorem 2, noting that #,->0 implies R,,,— 
0. 


>0O for n 


Knopp, p. 124 
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We now | 


k, Oand RR, (14 Raw) R,, ) >0 for 
» sufficiently large, T converges no less rapidly than S. | 


| Remarks. 


| decrease monotonically in magnitude. 
| is, however, not true. 
also be stated as (/2,,; 





] T R,, 1 
1+, 


=: -% 


(1 T R20 T R,, 1) > (1 T R,) 0, 
1+R, 


also 


since 


Ps 
l T R,, ‘1 


Rise 
Ras! | 14 


R,, +1 


tna 


Revi ost 
1+Ra4, 


0. 


We may now apply Lemma 2. 


The condition (1+,.,)/A+R,)--1 re- 
quires that, for n sufficiently large, (1 +£,) be of 
constant sign. Since S converges, this means that 
R,>—1 for all sufficiently large n so that terms 
The converse 
The condition can, of course, 
R,)/A+R,)-0. 

Theorem 6. If S converges with R,>0 and (, 
K>0 for n sufficiently large, then T converges. If, 
in addition, n?(R,,,—R,) it bounded as n-> © then T 
converges no less rapidly than S. If, further, 
n?(R,.,—R,)-0 as n--@ then T converges more 
rapidly than S. 

Proof: By hypothesis, for n sufficiently large, 
Q,=n(l R,)>K. Hence 1—R, >Kin and R,<1— 
K/n<\. Since R,>0, this means that terms of S 
that correspond to sufficiently large 7 are of like sign 
and monotonically decrease im magnitude. Since S 
converges, we therefore have na,->0 (see foot- 
note 6). Hence ja,/(1—R,) = na,/Q, < na, /K->0. 
Therefore, by (7), 7,~S,-°S. 


Furthermore, 


n(n+1) RR, 
On Qnei 


Rasi- R, & 
1- R41 1—R,| 
n(n+1) Rai —R, 
« Rk? , 


P,|* 





is therefore bounded (or--0) if n?(R,.,—R,) 


Ad). 


and 
is bounded (or 


We may now apply Lemma 1. 


Remarks. The boundedness of n?(R,,,—R,) re- 
quires that A exist since it assures convergence of 


(Ravi R,), 


It does not, however, exclude the 
The condition may also be stated as 
[nQass (n+ 1)Q,] is bounded (or — +0). 

Theorem 7. If S converges and C exists, then T con- 
verges If, in addition, W(R,,,—R,) is bounded as 
n-»@ then T converges no less rapidly than S. If, 
further, n®(R,,, R,)--0 as n-»>@ then T CONPEPYES 
more rapidly than S. 

Proof: Since Q, 2) 
Hence R,~>O for n 


converges, Q> 1 and thus ¢, 


the whose partial sums 


1 
are 2?2,,,—R,. 
value R11, 


° , 
series Ss 
orn 


R, 0. 
Since SNS 


R,) -Q, we have | 
sufficiently large. 


0 for n sufficiently 
large. We now apply Theorem 6. 


Theorem 8. 


ns) 


0 
tn (0b, —a,)/QG-—1) converges more rapidly than 
S and has the same sum, 
Proof: From theorems (1) and (7), we have, with 
the present hypothesis that 7 converges and 7S. 
Henee 


lf S conve rges, (de rists #1, and n( Cn 


as nem, then the series Umm >) u, with 


VT,—S, OS—S 


S. 
I Ql 
n 


Qasr GQ 
l _ (n+ 1)(Qa 41 @,) 


Q. Qn Qua “Q 


since G>1 if S converges. Hence 


u, QP,—1 
a, Q—1 


Moreover, as shown in the proof of the previous 
theorem, existence of Q implies 7, >0 for n suffi- 
ciently large. We may thus use Lemma | to com- 
plete the proof. 


Remarks. If any transformation or set of transfor- 
mations leads from a convergent series S to a con- 


0). 


vergent series V >» r,, Which has the same sum and 
‘ 


if v,/a, >L #1 as n->@, then the series Z= >>2, 


0 
with 2,=(e,—La,)/1—L) converges and has the 
sum S. 7 may converge more rapidly than S. This 
will certainly be the case, since z,/a,->0, if |1+R,|> 
K>0 and RR, +R. )A+R,,)>0 in view of 
Lemma 3. The previous theorem is a special case 
of this. As another, and simpler case, consider a 
series S such that, for a fixed integer k,a,,,/a, >L #1. 
Then we may take the S series displaced k terms for 





. 
| the 


are needed to calculate each term of W. 


_ are included in the latter part of this section. 





That is, we take 


= a,—La,_, 


k ! a 
r s io \ . 
= 7 -Lt iL 


We shall call this simple transformation the “Ry 
transformation and use it as one of the compar on 
transformations in a later section. In particula, jf 
R exists #1, we may use the Ratio transforma: op 
with A=1 and L=R. Obviously, we may alwoys 
reduce the transformation to this particular case jy 
breaking the original series into & subseries, Ot), 
applications of the general idea will be encountered 
in examples 4 and 5, where it proves helpful, and iy 
example 2, where it does not appear to be of 
assistance. 

In attempting nurrerical use of the Ratio trans!{o, 


| mation or of the U’ transformation of theorem 8, we 
are handicapped in many cases by not knowing the 


constants R,Qé, or L, which appear in the formulae, 
even if we are certain that necessary conditions are 
met. We may write the Ratio transformation for 
k= 1 as 

RS, 1 
1—R 


In this form, if we approximate PR by F,, we obtain 
T transformation: 
S,—R,S,-, 

1—R, 


Za- 


Ti -1 


S, 
R, 


Similarly, noting that P,->1/@ in certain cases, we 


, S, 
S, it l 2 


1 ’ a» 
amd 8 


te 


| may approximate 1/( in the expression for LU’, by P, 


to obtain the W transformation given by (17). 
Both the 7 transformation and the W transforma- 
tion have the advantage of being calculable without 
knowledge of an analytic expression for the general 
term. Each term of the former is completely 
determined by the values of a corresponding group 
of three successive terms of S, while four pm terms 
Where the 
initial portion of the S series has suitable properties, 
use of the 7 series may produce the sum with suf- 
ficient accuracy, even though it may not be suitable 
when terms far out must be considered. Otherwise, 
at the expense of increased complexity, we may use 
the W series. There are, of course, conditions under 
which neither transformation is of values. There are 
also peculiar cases where the 7 transformation is 
usable but not the W. Examples of such conditions 


Theorem 9. If S converges, Q exists #1, 
n(Q.—Qiy) 0, and n[{(n+1) (Qa —Y,)—anlY, 
(),-:)}-0, then W converges more rapidly than 8S 
and has the same sum. 

Proof: With the given hypothesis, the proof of 
theorem 8 shows that P,->1/Q#1 and that 7),->S. 
Hence, from (16), W,-S. Also, Q,#0 and Q,- 


_ 10 for n sufficiently large since Q #1 by hypothesis 


and Q #0 since S converges.’ Hence 


' Knopp, p. 285. 





l Bass = 1—R,_, 
l 2Rias T | § ae 1—2R, T RR, »f 


nl, 
(n+ 1 Qa oa- 


with the given hypothesis. Also, as shown im the 

oof of Theorem 7, existence of @ implies P?,>0 for 

ifliciently large » so that we may apply Lemma 1. 

Theorem 10. If the hypothesis of theorem 3, theorem 

or theorem 5 holds then W converges more rapidly 
an Sand has the same sum. 

Proof: The proofs of the theorems referred to show 


that, for any of the conditions stated, ?,--0 and T 


Theorem 1 shows 
>l and 


converges more rapidly than S. 
that 7=—S. We thus have 1—P, 


| S, 


W.="S_ pT. S, 
while 


T,)(S 
i—P, 


Png, 


Theorem 11. If Sis an infinite convergent series and 


ays 


Ry = mtS+S+S+ ... 


n® 


is valid for all n>N where the a and N are con- 
stants, then T converges more rapidly than S if aj#1 
and with the same rapidity as S if a=1. If a=0 
for all i>0, then T terminates with less than N terms. 


Otherwise, T is an infinite series with ratio of each | 


term to its predecessor given by 


b, 
b,, 7 


ye 


n°" Ns 


F: 


Bot ot+ 
n 


valid for all n sufficiently large, where the 8, are 
constants and not all B,=0 for i>0. Moreover, 
By= ap. In addition, By =a, Uf a=—0 or 1 and B,=ay 
if a+. 

Proof: Let us write 

R(x) = ag + ay + cnx? +agr'+ 2... 

This converges for z=1/N by hypothesis. It, 
therefore, converges for ¢#<1/N and defines an 
analytic function in this range. Also, for n>WN, 
R,=R(U/n). We have 


R_(r)= R[x —2x)} 


(ay T 2a, + ~)2* wae 


ar aT +-(ay T a)x* +- 


Ri (2)=Riz/(1 + 2)| 


(ays—2Za,+a)zr*... 


ay + ar +(e — ay)2* + 


valid for |z|<1/(N+1),° and R,,—R_(1/n) and 
Rao =R,(/n) at least for n>N+1. 
If a#0,—1, or 1 then, since R(1/n)—>ay as n> @, 


* Knopp, p. 180, 


On —12(0 + DY Qn 1 — Qa) +1 Qn — 2 Qa ard] —nQ, [(n 4 





1 Qu +1 — Qu) —M(Qu—Qn-l_ og 


@,) t Ona i(QGa— 1) [n(Qn— Qa yt Onl Qn 1 -1)] 


the hypothesis of theorem 3 is satisfied and 7 con- 
verges more rapidly than S. 

If a0, not all a0 since this would make 
R,=0 for all n>N and S would terminate contrary 
to hypothesis. If & is the smallest value of ¢ for 
which a,#0, then n*R,=—R(s2)/e* for r=1/n and 
approaches a, whence all R, have the same sign, 
namely that of a, for n sufficiently large. There- 
fore, from theorem 4, it follows that F senveane 
more rapidly than S. 

If a 1, not all a,—0 since this would make 
R, 1 for all n>N, which is impossible since 5 
converges. Again, let k be the smallest value of 
i for which a, #0. Then [1+ R(r)]/2*->ey and 


(n-+ 1X1 t Rass) n ‘ a \"- 
) ~2(1+2 I 


n*(1+-R,) n4 % 


14-Raas 
1+, 


and theorem 5 shows that 7 


rapidly than S. 
If a=—1, we have 


Qz)=[1 


and 


(4) 


converges more 


(xr) = — ay — ant —ayr?—ayr'— ... 


Yel —2z)| 


2as T a)x* 


valid for r<1/(N+1) and Q,=—n(1—R,) 
while @, ,==Q@_(1/n) at least for n>N-+1. 


[(Qr)—Q_(4)|/z4 


Or + (2a + ay) r* + (Bay+ 3.054 


0 — Ot —(ay + ay)r*—(ay4 
G(1/n) 
Hence 


q(x) 


a)r* + 


and n(Q.—Qa-1) =q(1/n)-0 while Q,->—a. Since 
S converges, a,< —1° or Q=—a,>1. The proof of 
theorem 8 indicates that, under these conditions, 
P,-1/Q>0. For n_ sufficiently large, we thus 
have 3/2Q>P,>1/2Q and, by Lemma 1, the 
series 7’ converges with the same order of rapidity 
as S. 

If all a,=0 for i>0, then R,=ay for all n=N. 
We cannot have ay= 1 in this case, since S converges. 
Hence 1—a),#0 and, from (9), 6,=a,[1/(1—a»)— 
1/(1—a»)]}=0 for all n=N and T terminates with 
less than N terms. 

Conversely, if T terminates with A terms, then 
b,=0 for alln>K. But if a,—0 for any n=N, the 
finiteness of the P, makes all subsequent a,=0 so 
that S terminates contrary to hypothesis. Hence 
a,#0 for n=N. We therefore require P,=0 for 
all n=M, where M is the larger of K+1 and N. 
From (13) it follows that this implies R,,,—R,—0 
for all n=M so that R, is constant in this range 
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and R(r) is equal to Ro(z) = Ry + 024022 +02 +. . 
for the null sequence z=1/n. Hence all a,=0 for 
i>O If, therefore, not all a,<0 for 7 >0, T is 
an infinite series. If not all a,=0 for 7>0, let k be 
the least value of 7-0 for which a,#0. Then 

ka,z" hlo(k+] Vay.) kay, 2" , 


R.(2)— Rx) 


(k + 2)lay,2—(k4 


1 )a,,,/2- 


kik + L)ey/3'a**84 


and 


11— R(x) [1 — R(x) =C1 — aap)? — 201 — ager — (1 — a) 


all valid for |x <— 1/N +1). 
> ?/ 
Pix) f(z) R r) 
[11 — R(x) [1 —R,(x)) 
keyr**! (k-+ 1 ay,» — kay! 2) n+? 
— r + 


(1 — ay)’ (1 —ap)* 


(k t 2)lax.s (k T Lays) 24 kik t lay, 6] ets 
(1 — ap)’ Pe 


for &>-2: and 


2apr" 


" @e a)" (1 


975 o. 
del ‘ = Of; 
iE Say + 2ay+ : + ar 


Qi)" 1 — a 


3( ay a,)r* 


)" 


1 in these 


for k 


cases. 


2, noting that we cannot have ay 
For k=1, ap# 1, this becomes 


— ar nS l —— 2aji . 
P(z) (l—ay’ (1 =p [2% at; “de 


3ay(2ay— a) 


l 
( 1— a)" 


sat r 
(1 — a)’ 
1 (and, therefore, k= 1), 
2 
ly a 2 
ay ay “he 


lf 2 s 4 2a} 4 
1f2er_s_ tem, 26h, of) 


a ay a a a a 


+ 


l =_=G 


[4 8ayg+ a+ 


while, for a 


P(x) = 


all valid for sufficiently small (x .""" Then 
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Furthermore, we have 





, > _ 
| / Pf, “| 


1) (ays) T ka, 2)a**? 


ka,x**' (k j 

(1 — ay)" (1 

(k a | \Ope ay 2 t kik +] Jay 6)2* vie 
(1 a)" 


a)" 


T 2) [ase T 


»2: and 


3( a 


2 er 


* (l—ay (I 


97° ») 2 

2 ; " Jae 

a} 2ay+ 3ay+ 2a_+ —s++- 
(1 — Qty)” ] am 


2; and 


a,)x* 


9 
a&)° 


for k 


z’ l 2a? 
P_(z)=-7— — | 2a. Ie 
(l—ap)” (1—ap)’ atat 1] — ay P 
3.ay(2 ay + a) 


1 
3ag+ 3ay+ - 
(1 — ay)’ [ Bay ant at 1 — a 


3ai “or 
(1 —a,)* 


for k=1, Finally, for ay= 1, 


l lfa, ad], 
P.{ppe no SI 
ay a a, a 


a 2 
l 2ay | a fazay |, 2a; a | 3 
a —— fi... 
aba a oe a Ga 
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| We thus get, for |x) sufficiently small 


P(x) 


y . : K+) oesi] is 
n= (x) priere Hf 2 od 


for k#1; and 
G(r)=1—22r4 2[i — 


1, ag# 1; and 


2 
142 a = 
a ay 


We may now write 


for k 
G(x) 


for ag=1. 
F(x) =G(a2)R(2)= Bot Bir + Byt* + Bgr*+ 


where 8)=a in all cases; 8; =a, when ay=0 or 1; and 
B,=a, when a=1. For a0, k#1, we have 8, 

—(k+l)ay¥#0. For a0 or 1, k=1, we have 
8; =a,—2ay#0 unless a,=2ay. In the latter case, 
we find 8. —2ay(1 +a») /(1—a») #0 unless ayp=—|!. 
However, we cannot have /f,)>1 for all suffi- 
ciently large n, and hence 1+ 72, cannot become and 
stay negative. But n(1+/,)—>a if ay=—1. Hence 
we must have a, >0 and thus a, # —2= 2 ay so that 
8,0. For ap=0, we have 8 =a, #0. In all cases, 





refore, not all the 8,=0 fori >0. But, by inspee- 
n, Fy, =F /n) for n sufficiently large. Hence our 
iof is complete. 

The orem 12. 
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iT] Nv ” 


alid for al n=N where the a, and N are constants, | 


en W converges more rapidly than S and has the 
me sum. If ay 0 for all i>0 or if ag=1 
aa) ag for all i>2, then W terminates with 
than N terms. Otherwise W is an infinite 
cries with ratio of each term to its predecessor 
ren by 


Y Y2 Ys 
vt—+3+S+... 
ut " u 


alid for all sufficiently large n, where the y, are con- 
stants and not all y,=0 for i>0. 
and, if a—0, ¥,—a. 

Proof: We shall use a large 
theorem 11. We note that 


part of the proof of 


q.(r)=qla/(l + 2)| = age + 2agr? + (3a,—ay)r° 4 


so that 


H(x)=(q.(r)—q(2)\/r ant —(4a5+ ag)r?7— 


Therefore, 
nQ, <a Qn- ”)| 
This, coupled with other data from the proof of the 


theorem 11, shows that the hypothesis of either 
theorem 9 or theorem 10 is satisfied so that W 


valid for |z|<1/(N+1). 


1) Quai — Qu) H(i/n)—>0. 


n{(n-+ 


converges more rapidly than S and has the same | 


sum. 

If all a, 
and a1 since S converges. 
using (19), w,/d, 
n=N, so that W terminates with less than N terms. 

If all a;=(ap/a;)* “a, for i>2 and ay=1, we have 
R, +a,/(n—ay/a,) for all n=N. Using 
W,/Ap 
all n>N since —a,>1 and 1+ a, #0 if S converges. 
Thus W terminates with less than N terms. 

Let us now consider a1 and not all a,—0 for 

0. If k& is the smallest index *>0 for which 
a, #0, we obtain 


0 for i>0, we have 2, =a» for al! n=N 
Hence 1—a,)~0 and, 


A(r)=[1—R_(z)|[R,(2) — R(a)] - 
[1 —R (x) [Rx)— R_(2)] 


1 — ay )k(k + 1 )aya**? 4 
(1 ~ay)(k + 1\(k T 2)axs,2" es 


T (1 —ay)(k T 2\(k-4 3)[axset k(k T 1 jay, 12)a**+*+ 


988531— 52 " 


If S is an infinite convergent series | 
for k 


and | 


Moreover, yy=a | 
| have A, 


| Bir)=[1 


1/(1—ay) —1/(1—a_) =0 for all 


(19), | 
— (n— ag/a,) /(1 +a) + (n—ag/a) /(1 +e,)=0 for 


| for k 





for k #2; and 


A(r)=6(1 — ag)agr! + 12(1 — ap)agr?4 


‘ 2 
Jay 


(l- a)[ 20a, + 10a3+ 5 


<1(N-4 But, from 


2; both valid for {x 


(19), w,/a,—A,/B,, where 


A,=(I1 Rad 2h, +Rk,R, 1) 
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(1 R, 1 Raa —R,)—(1 — Ra ail R,—R,-:) 


| and 


B,=(—2R, + RR, YA —2R, 414+ Rk Ra 41). 


Since a,5<0 for n=N as indicated in the proof of 
theorem 11, if W terminates with A terms, we must 
0 for all n=>M, where M is the larger of N 

But A(z) cannot vanish for all terms of 
1/n, n=M since a, +0. Hence 


and K-+-1. 
the null sequence z 


A,=—A(1/n) cannot be zero for all n=, and W is 
_ | an infinite series. 


Furthermore, we readily obtain 


2R(r) + Ra)R_(x)) [1 —2R (2) + RR (2) 
(1 —a)*—4(01 


[41 — ay)°a,— 21 


a) ay r 
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if k=1: and, for k#1, 
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[4(1 — ap)® ays, 


ay)" kay) x" ri. 


Thus, for x, sufficiently small, 
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p 2a, +( ba,— = )e+} 120 +2a,+ 
f 1— a ( 


Wat ) .) 
tay? st e | 


3 
al — a) 


pP(xr)= 


4a? 


(1 — a)’ 


32a; a2 


1 —— 


for k=1. From these, we further get 


235 





42 
p(s) r| am 7 al Ht + lag+ 


(hk + 1)(k +2) ays + hay) + (k +2) k +3) 


. Tk(k 4 l)ey) , 
«fn sat (e+ Daag 12 “yee al 


‘ 
py 


| 6a. + 12(ay-+ 2ay)r+ 
(1 — ay) 
{ : Tay 30h) 
20) a4+2a: at te 
yutint > tiod—a)s* 


or 


? 

»(r) 2a,+ 6a +a 

I (1 — a)" a ; 
0 


( 7a, Sa) ay, Say 
12 7 2a, ; * 
i“ at 5 t3q ai.) * 3(1 — aw) 


2 Rs 
a oa > 
301 a)? 3(1 —ay)*$” e | 


for k>2, k=2, and k 
sufficiently small x, 


I—(k + 2) +(k+ ae get | 
- Oo 


4a oa 
301 @&)) 


1, respectively. Hence, for 


pr) 


(xr) 
4 »(4r) 


or 


ey 4a, 
3z+3]} 1-——— 
g(r) l f [ ay 301 wl 


for k#1 and k= 1, respectively. We may now write 


4 


S(z)= a(2)R(2)= Yor Vet + Yat? + yet* + . . , 
where yora in all cases and y,—a, when ap=0. 
Also, for ag=0, y,= a, #0. For a #0, k#1, we have 
ye —(h+2)ay #0. For a0, k=—1, we have 
¥, a —3a_#0 unless a,;—3ay. In the latter case, 
we find y,= —Geao(1 +ay)/(1—ae) #0 unless ag= —1. 
However, if aj=—1, we must have a, >0, and hence 
a, # —3—3ay 80 that y,#0. In all cases, therefore, 
not all the y,—0 for ;>0. By inspection, /,=/(1/n) 
for n sufficiently large. Hence our *proof for the 
case ay #1 is complete. 

Finally, let us consider aj>=1 and not all a, 
(ay/ay)**a, for i>2. Let & be the smallest index 
i>2 for which a; (a:/a,;)'"a. Then we have 


be 
merit oe 


ay, 
m 


R= 1424+ 


where m=n—ay/a,, 6; ay—(ay/a,) "an, 5 #0, and 


k>2. If we now write 
r(y) l tay + &y* + & ay" 4 — a 

then r(y) converges for =1/M, where M=N—a,/qy, 

and hence for y<1/M and defines an analytic 

function of y in this range. Also, for m>M, we 


i have R, 
however, find it more convenient to use the func: 5p 


| Dy) 





r(l/m) where m=n—aa. We 1. 


Dy) = ay + bey" + bes ry* 4 


| By substitution, we also get, 


ay jy" ht [d, +7 (k 
1) 5/2] y**' +4 


Diy/i—y)| 1)6, 


[besa t+ hie +h(k 
and 
Diy/+y)| (k—1)é,Jy'+ 
[be49 hoes) ? kik 


a jy" ty [bea 
1) 5/2] y**'4 


Diy) 


valid for y <1/(.M-+1). It is obviously that 


ryy=1+yDy) 


ri(p=r(wWa—y)=14+yD_Wii—y) 


and 
1+ yD iy) +y). 


r(y~=r|ywi+y)| 


Thus 
r(y)|—U—r.wilr(y)—r_(y)) 


a(y)=|[l—r_()|lra(y) 


D_(Wl +wWDy)— Dip) — DD) 
—yDy)) y/A—y’*) 
" fay(k L)(k . 2) T aki(k 


.. jy t?*(1—y’). 


lDduiy 


By inspection, A,=a(1/n) and cannot vanish for 
all su iciently large n since a,(k—1) (k—2)6, +0. 
As previously stated, all a,#0 for n>N. Hence 
w, does not vanish for all sufficiently large n, and 
W is an infinite series. Also, 


b(y)=[1 —2r(y)+r(yr_(y)) L —2re +r ly) ry) 


[D(y)—U —wDYy)+ yD@pD_Wx 

(a +yDy)—Diy)+yDWD.Y)) wia—y’) 
= [a2 (1 + ay)? + 2ay(1 — a) (K+ 2a) ey* + 

.. dyf(—y’). 


Thus 


= )R—2) 5 


—1y). 
o ay(1 +a) 


~ bly) 
k(k—1) k 
atitay et - 


and 
—_ y |]. (k—1)(k—2) ata 
e-y)=e [; u/- "4 a,(1 + a)? oy 


(k—1)[kb4.4 (k —1)(k—2) 5] 
a(1 +a) ote) 





that 


d(yy=e(ylie (p=1—(k—1) ys 


Dy=dapry=1+la+l—k)yy4 


= Dir a kya 


Oot a@)] 1+(a,+ 1 


f(1/n) ae ee 
7 n a 


\\ here 


yo== @o(=1) and y,= a, + 1—k- k since—a,>1. 

Remarks. The last theorem shows that, if 7, is 
an analytic function of 1/n for n sufficiently large, 
then the W transformation will yield a new series 
with the same sum but more rapidly convergent. 
\loreover, the transformation can be applied to the 
new series, if infinite, to get a third series with the 
sume sum but still more rapidly convergent. The 
process can be repeated as often as desired to yield 
successive series, each of which converges more 
rapidly than its predec essor and each of which has 
the same sum as the original series. If R#1, 

theorem 11 shows that the same statements hold 
for the simpler 7 transformation. If R=1, an 
infinite set of transformed series may be obtained 
by the 7 transformation, each of which has the 
sume sum as the original series, but each will con- 
verge only with the same order of rapidity as the 
original. 


Era mple 1 


ar. 
S=log 2 +=- to 


2. 7% 
1-33-4756 


This series is very slowly convergent. To obtain 
9-place accuracy with this series would require use 
of 10° terms were it used directly. Since, however, 
we have 


: n 


_—_ eS ee 
nv n° 


n+l 


for this series, it satisfies the hypothesis of theorem 
i! and may be subjected to repeated 7 transforma- 
tions with aeneal rapidity of convergence at each 
step. Restricting ourselves to usiag only the first 
% terms of S, the successive transformed series are 


7 = 66666 66667 +-.3333 33333 — .00952 38095 


+ .00396 82540 — .00202 02020 -+-.00116 55012 


~ 00073 26007 + .00049 01961 — 





T’ = .69259 25926-+- .00068 47183—.00017 15546 


+ .00005 75844 — .00002 34397 +- .00001 09276 


.69314 01274 + .00000 87420— .00000 21874 


+ OOOOO 06721 


1°” = 69314 71197 + .00000 00763— .. . 

in which we have omitted the first step in each of the 
succeeding transformations since, obviously, the first 
term in each of the 7 series is not smoothly related 
to the remainder of the terms. It would not have 
affected results were the transformation also applied 
to the first terms, the further series merely carrying 
additional terms of irregular form with the same 
terms as given following these. This initial irregu- 
larity is due to the difference in form for the first 
term in each transformation from later terms as 
shown by (9). 

The error of stopping at a given place im any of 
the transformations is, in this case, readily approxi- 
mated, since each series is alternating. f we con- 
sider the final approximants for the successive series 
S, 7, 7’, 7, and T°” we obtain the sequence: 
0.74563 49206; 0.69334 73389; 0.69315 08286; 
0.69314 73540; 0.69314 71961; the last value being 
correct to better than 2 io the eighth place. This 
is not an infinite sequence, since 7’’’ has too few 
terms to permit continuation of the transformation. 
If, however, we assume it represents the first terms 
of an infinite sequence converging to log 2, without 
proof other than appearaace, we get the series 
00019 65103 


U = .74563 49206 — .05228 75817- 


— .00000 34746— .00000 01580— 

Assuming further that this series is of sufficient 
smoothness to justify application of the 7  trans- 
formation, we get 


U’ = .69315 00873 — .00000 2 
— ,00000 01029— ... 


7958 


L’’=0.69314 71846. 
The U series final approximants form the sequence: 
0.69314 71846. 


0.69314 71961; 0.69314 71885; 


Assuming these also are initial terms of an infinite 
sequence converging to log 2, we write 


V=0.69314 71961—0.00000 00075 
— 0.00000 00039— .. ., 


which transforms into 


V’ =0.69314 71804. 





The heuristic process stops at this point because of 
lack of terms, but this last value is remarkably close 
to the correct value to 10 places of 


0.69314 71806. 


| ag 
og 2 


In fact, because only 10 digits were carried through- | ! a 
: 6 S| interchange does not affect the sum, which is—lox 2 


out the calculations, the agreement is about 1 place 


better than could be expected even were the later | 


steps proved fully justifiable. Note that, by this 
method, we have achieved an accuracy using 9 terms 
of the original series, which is better than that ob- 


tained by summing directly hundreds of millions of | 


additional terms. 
is included by considerations of “smoothness” 

We could also have applied the W transformation, 
since the hypothesis of theorem 12 is satisfied. In 
this case, the successive transformed series are: 

W 


68750 OOO00 + 00694 44444 — 00173 61111 


MO062 50000 — 00027 T7778 + OOO1L4 17254 


MO007T 97194 4 


69315 99632 — 00000 SOSS4— 00000 22983 


+ QOOOO OF 115 
69814 717934 


omitting steps that involve terms not “smoothly” 
related to the remainder because of differences in 
form indicated by (19). The final approximants for 
series S, W, W’, and W”’ are 


0.74563 49206; 0.69311 75595; 0.69314 73648; 
0.69314 71794. 
Assuming these to be the first terms of an infinite 
sequence converging to log 2, we get the series 


A\ = .74563 49206 — .05251 73612 — .00002 98053 


— JODO 01854 


Applying the W transformation to this, we get 


A’ = 0.69314 71806. 


The effect of the additional terms | - : ; , 
_ possible in this case since this leads to two properly 


After seeing how advantageous the transforma 
are when “smoothness” exists, we choose this « 
ple to show the ill effects of irregularity. Th. jg. 
as may be seen by examiration, identical wit! (he 
series used in example 1 except that the sig. js 
reversed and odd and even terms are interehan od. 
In spite of being oaly conditionally convergent his 


ns 


m- 


If the type of irregularity is noted, the best pro- 
cedure would be to remove it by rearranging the 
series (in this case obtaining the form given jin 
example 1), by combining terms (in this case ob- 
taining the form given in example 5), or by splitting 
it into several individually “smooth” series (not 


divergent series). Suppose, however, we do not 


| note these possibilities but attempt to work with the 


/ and 12 are inapplicable. 


It is obvious that theorems || 

So is theorem 5. How- 
ever, theorem 2 applies except that 1+-7?,->0, and 
hence we have no statement about relative speed of 
convergence, although we know that the 7  trans- 
formation leads to a convergent series. In faet, we 
find that 


T 


series as it stands. 


.16667 — 46667 — .09286 — .07937 


03535 — .08217 — 01859 — O1737 


01146 


The terms are certainly smaller than those of S 
However, the character of the series is changed from 
alternating to terms having the same sign, and this 
makes the error for a given number of terms of the 
same order as that of the original series, being 


_ approximately the average of the errors found for the 


We have 


original series for consecutive partial sums. 


| thus not gained by the use of the transformation. 


Examination of 7 shows that /? exists and has the 


value 1 and that n(1—b,/b,_,) - for n even and 


l . — " 
~»5 for n odd, so that 7 satisfies theorem 6 and can 


itself be transformed into a new convergent series 7”. 
Of course, even at this step, if the type of peculiarity 
were noted, it would be possible to combine pairs of 
terms or to separate the odd and even terms into 
separate series to be separately summed, obtaining 


“smooth” series in either case that would satisfy the 


| hypothesis of more useful theorems. 


We thus see, as might have been expected, that the | 


W transformation is more effective than the 7 trans- 
formation. However, the simpler calculations in the 
case of the 7 transformation probably more than 
offset the additional number of steps required as 
compared to the W transformation. 


Example 2: 


| ad 
| T” 


If, however, we 
continue with the transformation to 7’, we may note 
that, although it converges, its terms are larger than 
those of 7 since, from the given limits for n(1—6, 6,_,) 

12 


we have P?,’) ~ Sn. In fact, 7” is quite similar 


‘ 
in convergence and form to S with terms alternating 


2 . 
in sign and tending to is those of S for large n. The 
‘ 


T’ series is 


41592 — .52315— 40310 — 32859 — .28078— 





may now attempt to proceed in accord with the 
ark following theorem 8 to get the equivalent 
we hope, more rapidly converging series 


V -{(r—" 


ich is, numerically, 


1.78220 — 1.66759 — .03566 — .33997 — .00693 
rhis series, unfortunately, 
(he irregularity is much more pronounced. 
We may try the W transformation instead. 
asy to show that its resulting series is convergent, 


It is 


il 12500 — .22917 8333 — .05417 - 


02470— .O1786. 
and is certainly no more rapidly convergent than the 
/ series. If we transform this again, we obtain 
W’ = 10417 —.66477 + 39964 — 440154 
which does not appear promising. 

We may thus conclude that, if a certain amount of 
smoothness is lacking in the original series, 
transformations, while leading to convergent series, 
may not help in evaluation but may help in indicating 
the character of the irregularity and thus suggest 
some method of modifying the original series or one 
of its transformations, by grouping, rearranging, or 
splitting into subseries. 


Ieram ple 3: 


S= 140-5 4040454 


| l 
O-+ +O)- )+O4 t 
0 att 0+0 0+ 6+ 


This example shows the effect of a somewhat different 
type of irregularity. Here we readily find that 7 and 


Ware identical with S for any consistent interpretation 
of formulae, and hence the schemes have no value. 


Example 4 


; eS. 88 2 
Ss -——— — 
1+39-47~8+16+327 647 i287 ° 


This is still another example of irregularity. Here we 


readily find that 


‘he AS am ee ) 
487 16+32~ 64 1287 °° *)” 


~*( I+5- 


which certainly has the same type of convergence as 
‘. However, we may now utilize theorem I . which 


tates that 7=S to obtain s=2—" s from which we 


3 


get the sum S 


is even worse than 7. | 


It is | 


03333 | , 
Exam ple 6: 


the | 


| term in S. 








6 ons . : 
-. This particular series can, of 
» 


course, be summed more easily by grouping pairs of 
terms to give 
l l ] 


a! a 


which is, except for the first term, a simple geometric 


. . 6 
series converging to —- 
» 


The W transformation, in this case, gives 


10 6 1 3 l 


W rt3- 7 —atigtog— 


and offers no apparent advantages. 


| | ] l l , 
1.27 2.47 3.87 4.1675.32 6.64 7.1287 
This is a somewhat less obvious application of the 
remark following theorem 8. 


We readily find that 


2 21 68 
5 66.5.32 


10.3.87 33.4.16 


196 
85.6.64 


497 
204.7.128 


S . 
and that terms tend to 3 of the next to corresponding 
We thus take, as a more convergent 
; : , of88 wx 
series with the same sum V = (* 3 —T7 ) with the 
5% 


two series displaced one term prior to 
thus obtaining 


combining, 


oo ae 17 l 21 23 47 
| = = = pues 
25 12007 1767 17600 40800 3046407 
which converges more rapidly than the initial 
series. A preferable procedure is, of course, to 
combine pairs of terms. 


Example 6: 


‘otaateeteatoit °” 


9. ie 
This is the same series as used in example 1 but with 
pairs of terms added. It is readily seen that this 
series satisfies the hypothesis of theorem 8 with 
Q=2. We may, thus, proceed as there indicated 
to get the successive more rapidly converging series: 
V 7 l | 3 
10 180 L170) 12376 
3 

1)\(4n—3)(4n+-1) 


2n(2n-- 





for which Q= 4, 


and 
49 
1196910 


> All7 
5940 + 
which, as far as we have gone, gives the value 
0.693139, which is correct to 8 in the last digit. 
Here, also, if desired, we may follow Example 1 in 
assuming that the last partial sums of S, V, and V’ 
form the first terms of a reasonably smooth infinite 
series and thus improve results somewhat further 
with the given number of terms. 
We also note that theorem 9 is applicable. If 
we use the W transformation, we get 


11 l 1 
+3 0* 1120 


Ws: iet D4 


ees oy 


which, so far as we have gone, gives the value 0.69306, 
which is in error about 8 in the last digit. 


Erample 7: 


ee 
Saits-3°a' St Te 


This example is included to show that there exist 
convergent series, even with a certain type 


Tan=Sant+(nt+1¥>(n4+ lf¥ oo, 
The W transformation leads, in this case, |. 4 


convergent series since, as may be readily verifod, 


A>,(1 - Rsn+1) l 


l 2k, +17 RRs, =| pe is e 


and 
on i(1 ~ Roy) — 
l 2k, T RoR, 1 


Example 9: 


= 


2 
23.4 it 


. Bn a l l 
Ss l+sits tata: 
1 4°—2 l 

e356 R 


This is an example showing that there exist 
convergent series, even with sufficient smooth- 
ness to have F& exist and have the value 1, which 


lead to divergent series upon application of the 


| verges. 


of | 


smoothness, for which the 7 transformation leads | 


to a divergent series. Here 7 is given by 
127 


‘ 49 71 97 
136° 


36°45 78 91 


and terms tend toward + 1. 
The W transformation does, however, lead to a 


convergent series albeit no more rapidly so than the | 


original. The resulting series is 


319. 1 
840742 


275 


1008 


120 


woltyt 77 BY 


12° 6 + 


Example 8: 
"2 


2*+1 


3* 


tot tetsyit 


1+1 


This is another example showing that there exist 
convergent series, even with sufficient smoothness 
to have & exist=1, which lead to divergent series 
upon application of the 7’ transformation. 


n+l 1 


0- So» 1° “Sans 2>> 


5? 
T” 2n? 


so that Sconverges. However, 


Gon41 


— rt 2 
iia 1) 


so that 


Here | 





W transformation and this despite the fact that 
the T transformation leads to convergent series. 


: at! 1 
Here 0< Ss. a Ssn-1< S3,.<.3 b > ne? so that S con- 
1 
However, 


A3n41(1 — Ryn 2) 
1-2 Rynyat Roni Ronse 2 


n+2 





so that 
" n-+% 
Woanas Sanait 9 
Furthermore, 


Asn 1 (n +1y—2 


1—Ry-1 (m+1y(2n+1) . 





__(n+1P-2 | 
 (n+1)(2n+1) 


Asn 


a. 0. 


Gn, #&;3} 


>0. 
1—Ronar 2n+-3 


| so that 


T, ~ S, SS. 
3. Original Series Divergent 


General: There has been considerable study made 
of methods of assigning meanings to Divergent 
Series. One possible way to assign such a meaning 
to a Divergent Series S is to consider it as the value 
of the function S(z) at r=1, where S(z) is defined for 


sufficiently small z by the power series = a,r" and 


for larger z by analytic continuation or limit proc- 
esses. If R, remains bounded as n>, there will 





ways be a region in which the power series ¢ onverges 
ertainly when |x is less than the lower bound of 1/ 
I, however, 2, is unbounded, the power series 
ay converge only at the origin and does not, there- 
ve, define an analytic function over any region. 
“ case, it may not be possible to find an analytic 
ontinuation or limit for r=1. Another method, 
leveloped by Borel, is to consider the power series 
SS a,2 
= ni 
then to define the sum of the divergent series S by 
the integral 


nm 
S,,(2)= as defining some function of x and 


S | € * S,(x) dz. 
J0 


Still another way of treating the matter is to consider 
ihe power series S(z), even if it diverges for all z no 
matter how small, as an asymptotic representation 
of a funetion F(l/r). Then, if F(1/r) is defined at 
r-1, we may take S- F(1). Since, in general, any 
asymptotic series may represent an infinity of 
functions, this method requires some additional 


, ; » ft 
limitations in regard to the behavior of F (-) to 


insure uniqueness. 

The use of the transformations discussed in this 
paper may, in some cases, lead to “equivalent” con- 
vergent series and thus to another definition of sum 
of divergent series. In many cases, however, the 
transformation merely serves to obtain an equiv alent 
series, also divergent, but diverging more slowly. 
The new series may be easier to sum than the old. In 
. particular, if the original series can be considered as 
the result of substituting a particular value for the 
variable in an asymptotic series, the resulting series 
may be similarly regarded but with individual terms 
smaller than for the original so that, if the error 
stopping at any term is limited by the magnitude of 
the next term, the transformed series yields a more 
precise sum. The theory is, obviously, more difficult 
by far than for convergent series and has not been 
developed beyond a rudimentary stage by the author. 
Heuristic application to particular examples does, 
however, indicate considerable power in this method. 

Theorem 13. If there is a definition M for the sum 
of an infinite series that has the following properties: 


A. If D> c, is summable M with sum C and 


Sod, is summable M with sum D, then > (c,t+d,) 
ix summable M with sum C +D. 


B. If > C, is 
0 
\ c, is summable M with sum C+ ce, and if both 


>> a,/(1—R,) 


0 
summable M with the same sum as S. 


summable M with sum then 


and V are summable M, then T is 


Proof: By condition B, we have 


Sumy [ors 2 = R, =Sumy V. 





Hence, by condition A, 


‘ a - na 
Sumy [, “B+ 2 ( a 


7s 2 R, )J=° 
sum, S. 


and 


Sum apace 


> Anat wa Ay 
+ (a+; 7. ak 


But, from (9), 


ay; 
b, dot ied R, 
and 


Ans an 


>0. 
-Rass - f= eg 


b,, aunty 


Hence, 


Sumy 7’=Sum, S. 


Remarks. The definitions that satisfy the conditions 
of this theorem include Cesio and Hélder summa- 
bility of any order and absolute Borel summability. 


“If S$) ¢, is 
T 
summable M with sum C then, if >) ¢, is summa- 


ble M, 


Condition B can be modified to read: 


0 
its sum is C provided we add to the 
ay 


hypothesis: ‘‘and V’=| 0-4 > ; 
; r 1—R, 


M.” The modified condition is met by Borel sum- 
mability without the requirement that it be abso- 


lute." 
Theorem 14: If S is such that (R,) <M for all n 
and if T converges absolutely, then T is the limit as 


@a 
=>) 4,2". 
0 


+Cy’’, 


is summable 


2-1 of the analytic continuation of S(z) 


Proof: Consider the series 


=e (Rei Re) 


Sy (L— Rays 1—R,) 
2F 1 —Resiz\l—Raz 


and the region bounded by the circular are |z|=1 
and the line segments z=0, y= —1/2, r=1/2M, and 
y=l—r. If M<1, dh a converges and, by 

heorem 1, we have 7=S=S(1) satisfying the 
present theorem in trivial fashion. If M>1, 
1/2M<1/2 and the region is as indicated in the 
diagram on p. 242. Throughout the region and its 
boundary, we have |z/ <1. In the left hand por- 
tion, 0<2<1/2M so that. 


|\1—R,2z|>|1—R,7r| > 1 —|R, | |x| > 1/2 


while 


11—R,)<14+|R,|<M+i 


2 WB. Ford, mo on divergent series and summability, p. 89 (Macmillan, 
New York, N. Y., 1916). 
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ese 
cA 

Ss, 

wh 


= 
S 
J 

> 





A 
>s> 

se 
aS 

= 


\ 


Se 


Hence 


1—R,}/1—R,2| <2(.M-+ 1). 


In the right-hand portion, we have y>1—, so that 


11—R, 2! R,2zyY+ hey 
R, r+ Pea 
R,Y ++ R,—2R,2)// ¥2 


R, / 2. 


vil 
>i 

Vv 
>|1 


-ry 


Hence 


1—R,\//1—R,2| < y2<2(M+ 1). 


Therefore, throughout the region and its boundary, 


| fn(2)|<4(M +1)", |, 
where 
(i—R,,,) - R,)b,2"*" 


Jalt)= "sy —B2) 


But, by hypothesis, 2 b,| is convergent. Hence 


7(2) is uniformly convergent throughout the region 
and its boundary." Moreover, f,(2) is a rational 
function of z and is therefore analytic except at the 
points z=1/R, and z=1/R,4;, which are poles. 
Since convergence of 7 reverses finiteness of the 4,, 
we cannot have 7, =1 for any n. Also, by hypothe- 
sis, /?,=|<.M. Hence these poles do not fali within 
the region or on its boundary, and /,(z) is analytic 
within the region and contimuous throughout the 
region and its boundary. Hence 7(z) is analytic 
within the region,"' and is continuous throughout the 
region and its boundary.’® Thus the limit of 7(z) 
as cl is 7(1)=7. Also, S(z) is a power series 
with radius of convergence at least as great as 1/2M, 
since S(1/2.M) converges, having the ratio of each 
term to its predecessor less than or equal to 1/2. 


“ Whittaker and Watson, Modern analysis, p. 49 (Cambridge University 
Press, 1915). 

™ Modern analysis, p. 0! 

% Modern analysis, p. 47 


| Hence S(z) is analytic in the double-hatched reg 
of the diagram bounded by the semicircle (2) = 1. 
and the y axis and, in particular, converges for - 
for any z in the range 0<r<1/2M. 7(2) is also a 
lytic in the same region since it is included in the reg 
previously considered and converges for all poi 
on the portion of the z axis included. Hence |, 
theorem 1, 7(z) is identical with S(z) in this regi, 

| and is therefore an analytic continuation of S 
throughout the larger region. 


Theorem 15. If S diverges, R,>0 for n sufficient 

large, and there are an infinity of values of n 
which R, <1, then T diverges. 

| Proof: Since S diverges, we cannot have a,= () 
| for all n sufficiently large. Hence, if there are an 
infinity of values of n for which a,=0, there must 
be an infinity of such values for which a,_,#0, and 
hence R,=0 contrary to hypothesis. If there are 
an infinity of values of n for which R,=1 but a, +0, 
we have each corresponding 7',_, infinite and thus 
T diverges. Finally, if there are an infinity of 
values of n for which R,<1, then, for each of these 
n, a,/(1—R,) has the same sign as a,, and hence as 
S,_, for n sufficiently large so that | 7), ,)>!S,_,! for 
an infinity of values of n and thus is unbounded 


Theorem 16. If S diverges, R, >0 for n sufficiently 
large, and there is an infinite sequence of values of n, 
SAY My Ng Ng < . such that R, 1 as j-e@, 
then T diverges. 

Proof: In view of the proof of theorem 15, we 
may limit attention to a,#0 and R,>1 for n suf- 
ficiently large. Since the a, are all of like sign for n 
sufficiently large, we may take them as positive for 
convenience, an almost identical proof applying if 
| they are negative. Let, therefore, Ny be such that, 

for n>No, a, >0 and R,>1. Since R,,-+1, there 
exists a value N>N, for which Ry<Ry,. Let N, 
be the least such value. Then, for every n such 
that No<n<N,, we must have R,>Ry,>Ry,. 
Starting with N,, we may similarly get a value N, 
such that, for N,<n<N, we have, R, > Ry, >Rxy, 
Combining with the preceding, we then have 
R,>Ry, for all n such that Nyo<n<N,. Continuing 
in similar fashion, we get anv infinite sequence N, 
with the property that 2,>Ry, for all n in the 
range Ny<n<N, and with N,>N,_,. Now, from 
(5), we have 
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| But a, “Ra, >Ry a, 1 for No<n<Ny. Hence 
| all terms in the braces are positive and 





, 1< Sw ww g+1)/(Ry, 1) 
R.,. Ry >! for No< nis N;. Hence Ry - I 
() since R, 1 and thus Vw, eo that 


erges. 





Theorem 17. If S is a dive rge nt series and 
ad 


= eee 


R, 39848 
n 


n* 


valid for all sufficiently large n, then the repeated 
ipplication of the T transformation to S and to each 
erived series in turn will, after m applications, yield 
, series T™ which converges, where m is the smallest 


° 
lim SS a,x". 
zI1-0 0 

Proof: We note that a,<0 since, otherwise, 
R$<1 for n sufficiently large so that S is an | 
alternating series with terms steadily decreasing in | 
magnitude and converges contrary to hypothesis. 
Using the analysis of theorem 11 in so far as it 
does not depend upon convergence of S, we see | 
that 7’ terminates if all the a,=0 and that, other- | 
wise, 7 is an infinite series with ratio of each term 
to its predecessor given by 





nteger exceeding — e/2. Moreover, T™ 


b, 
b, ! 


B, 


—1+ 4824 Br, eo ey 
ee 


t 


where Bj =a@+2. If a >—2, then a,+2>0 and T 
converges since, for n sufficiently large, it is an 
alternating series with terms of steadily decreasing | 
magnitude. If a,+2=0, T will converge if the first 

8, that is not zero is negative; it will diverge if all | 
the 8, are zero or if a,<.—2. When T diverges, it 
satisfies the same conditions as the hypothesis 
prescribed for S. If we repeat the same transfor- 


ae 
mation on 7’ to get a series 7 = >> 62 then either 
0 
/ terminates or is an infinite series with ratio of 
each term to its predecessor given by 


b. 8} 
b2 7 n + 


I n 


where 8/?=8,+2=a,+4. By simple induction, 
we thus see that, for —a, not an even integer, it 
will take m successive transformations to obtain a 


series 7 = $5 b& with magnitude of terms decreas- 


0 
ing for terms sufficiently far out (that is with 
8," >0) so that 7” will then converge. If —a is 
an even integer, we get 8{"~" =0, and it is possible 
for T-" to converge. In view of theorem 2, 7” 
will also converge in this case. 
As concerns the values of 7, we see from Lemma 





4 below, that lim SOa,z"and lim SS a,2"/((1—R,) 
z1-—0 0 ri-0 0 

both exist. Now the limit operation stated is a defi- 

nition of summability that satisfies the conditions of 
@ @ 

Hence lim 5) 6,2"= lim 35> a,2". 

, pan 4 ri1-0 O ne zril-0 0 

Since 7 also satisfies the conditions of the lemma, 


theorem 13. 


| we similarly get 


lim 


lim >> b,2" so that, by induction, 
r1-0 0 


ze. : 
ST 
z1—0 
<. =~ ° ‘yr 
lim 396," 2"= lim S3a,z2". Since T’” converges, 
rl-0 0 zr1-0 0 
lim >> 6,0" 2" 


T completing the proof. 
zi-0 0 


If S has terms such that 


Lemma 4. 


ay, a 


14S! 4 S34 
n n 


A, 


R, +... 


n’ 


is valid for all sufficiently large n, then lim > a,x" 


zi1-0 0 


and lim 
rl1-0 


> a,2"/\(1—R,) both exist. 


Proof: Let F(x)=(1 + 2)* > a,x" where k>1—a 


0 
is an integer. Then F(2)=/(r)+-f(2) where P(x) is 


a polynomial of degree k—1 in + and 


f(x)= > a,2"*" [: tkR,, Pt: x 


| a ae 


kik—1)(k 
3! 
RarrRaseRass .- - 


i ae a Se 


R, 4 ‘| 


Let us designate the quantity in the brackets as A,(n). 


Then 


+ 


ay 
n+1 


a 


ay 
to +1t 


Ry. inti) 


A\(n) l + + 


(a@2— a) 


on hg SSO 


n nr 


also if 
a (ay T 1) (a, T 2) os 4 
; n* 


+ 


A,(n)= iati—1).. 


5(k) , 5(k) 
n**! n*t? 
then 
a(a, +1)(a, +2)... (a, +k—1) 
(n+1)* 
5,(k) 


(n+ 1)}**? 


An +1 ) + 
5,(k) 


(n4 peeit 


+ 


so that 
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+ 1)(a,+2)... +k 
1)" 


ala, 


4 


R,., Aen T 1) 


(n- 


1)\(a+2)... 


n* 


ay a, 


Dy 


and 


Ay, (n)= Afn)+ R,,, Adn+) 


Hence we have established the basis for an induction 
proving that the form assumed is correct. Thus, for 
n sufficiently large, we have | A,(n) « 
for x) <1, each term in f(z) is less in absolute 


value than the corresponding term in f= >) a,+k* 


a, n*. 
to its predecessor is given by (R,(1—1/nf§=1 
(k + )/n+ terms of higher degree in 1/n and k was 
chosen greater than 1 —a, so that k+- a, >1. Hence 
/ converges and, hence, f(2) converges for 4 <1. 
Also, since P(r) is a polynomial, it is analytic for all 
x. Hence F(x) is analytic at least for 2 <1 and we 


have SSa,2" convergent and equal to F(x)/(1 + x) for 
0 


1 so lim S3a,2" exists; its value is F(1)/2*. 
r-l-O 0 


all 


r« 


Moreover, the ratio of each term of Sa, (1—R,) 


0 
to its predecessor is, for n sufficiently large, 


RA — R, 4) ¥ 2, V1 
Va —1424%4R4+... 
1—R, s’e @ 
where ¥, 
iar to that used in the proof of theorem ll. Hence 
this series satisfies the hypothesis in the same way 
as S and, by similar reasoning, lim >) a,.2"/(1—R,) 
r-il-0 0 
exists. 
Erample 10; S=1—1+1—1+1—14 
Here we get by=1/2 and b,=0 for all n>0 so 
that 7 terminates with the first term and 7'=1/2. 
The W transformation also terminates with a single 
term of 1/2. 
Example 11; S=1—2+4—8+ 16—324 
Here again, 7 terminates at the first term and 
7T=1/3. Similarly for W. 
Example 12; S=14+244+8+4 164324 
This example indicates, in a trivial way, that the 
transformation may yield a value for 7 even if S 
is properly divergent. Here 7 terminates and has 
the value —1. W behaves in the same way. 
24 


Example 13: 8 5/2+-17/4+4+-65/8 4+ 257/164 


1025/32 + 


ag ay T 1) (ay 


aay + L)(o, T 


a, + k\*/n* and, | 


a, as may be shown by an analysis simi- | 


ee (a, +k- 1) -5,(k) 
1)**! 


+2). 


(n- 


. ant k— 1) (ay T k) ~4i(k) 


n 


was 


a(a,+1)(a, +2)... (atk), 6(k-4 
jay fea 1 4 ont" 


" n 


Dy 


> 


This is a less trivial example of a properly divergent 
series for which 7 converges. Here 
T 8 +. 45/7 4+- 306/217 + 2340/3937 18504/64897 
+ 147600/1046017+ .. ., and converges since terms 
tend towards 9/2"*'. In fact, the general term for 
T can be written as 


“0 
But the ratio of each term of the latter | 


for n>1 and hence J can be summed directly as 
8+9=1. ‘ 
This is consistent with considering S as the sum 
of the two series: 


S,~14+2+4+4+4+8+4164 


S, 1+ 1/2+1/4+1/8+ 1/164 
| The sum of the first is —1 by the preceding ex- 
ample and the sum of the second is obviously, 2, so 
| that S=S,+S8,—1 in agreement with the preceding. 
The W transformation also leads to a convergent 
| series 
92 46546812 
46521101 


393822 
105821 


4131 


M 11 319 


+ - 


This also sums to 1. The terms tend to 27/2"*' and 
henee this transformation does not give better re- 
sults than the simpler 7 transformation in this case. 
Example 14: S=1—2+4+3—4+5—6+7—84 

This falls into the category covered by theorem 
17, since 

n+l l 


1— 
n n 


R, 
Since a, = —1>—2 we have Tconvergent. We find, 
in fact, 
ss 4,4 


1 2 
‘€ 35 63°99  ~ 


T - 
15 
whose general term may be written as 


eke le (—1)* 
"— 4(2n+1) 4[2(n—1)+1] 
so that it may be summed by inspection to 1/4. 


Hence we infer that S= 1/4. 
The W transformation, in this case, leads to an 
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, more rapidly convergent series (terms tending | 
tn*): 

20 
1519 


6 
119 


30 


34797 i 


12 
+5977 


> ae 
W==- 

‘ 
ich also sums to 1/4. 


1,B, 


B,, By B 
rample 14; S= =? —— 4 a + a a 


T”’’ = .57721 17490 .0000! 71214 — .00000 66422 —..., 


and a last repetition gives: 


aeve 


57721 54337. 


| This is as far as we can go with the number of terms 
initially taken. 
| first 


We may, however, consider the 
terms of the successive series as an infinite 
sequence tending towards the desired value and 


| thus get the equivalent series: 


here the B, are the Bernoulli numbers: 


1 5 
B, “6 - 66 
1 691 
B;: 30 2730 
B= B=! 
6 
d 
30 


3617 


By 510 


By 


ete. This is derived from an asymptotic series and 
represents, by continuation, the Euler constant 
C 


0.577 215 6649... 


Putting in the numerical values for the B,, we get 
S— .5+-.08333 33333 —.00833 33333 +-.00396 82540 — 


00416 66667 4+ .00757 57576— .02109 27961 + 


08333 33333 —.44325 98039 4 - 
with a minimum term of — .00417 so that direct sum- 
mation up to the minimum term may be in error 
several units in the third decimal. The sum is, in 
fact, 0.57897 at this point and is thus in error nearly 
2 in the 3rd place. If we transform the series, we 
get (omitting the first term as not “smoothly” 
related to the remaining terms, see remarks in 
Example 1): 


T 
00055 40257 — .00068 62537 + .00131 33534— 
.00364 481514 


The minimum term is only .00055 and we may thus 
sum to within several units in the fourth place. We 
may repeat the transformation to get: 


T’ = .57714 67498 + .00010 80665— .00007 16028 +- 


.00007 10273—.00010 284544 ..., 


with minimum term of only .000071. Repeating 


ugain, we get: 





| which is correct to 3 in the 9th place. 


U—0.54 
.00006 499924 


+ OO138 917404 
0000 36847 4 


to which we may again apply our transformation to 


| get: 


U = 57717 26992 + .00004 22405 + .00000 07157 +-.... 


This may be again transformed to give 


U"’ = .57721 56678 


If we take the 
sequence of sums of the /’ series, we get a new series: 


U = 57721 54337 + .00000 02217 + .00000 00124... ., 
which, upon transformation, gives 


V’=.57721 56685, 

which is as far as we can go with the terms taken, but 
which is in error by 4 in the 9th place or somewhat 
poorer than U’’’. This same type of effect has been 
noted in applications of the method to other asymp- 
totic series and is due to the fact that the U series 
are not convergent but are asymptotic except that we 
haven’t carried the calculation far enough to get to 
negative or increasing terms. In using the method, 
the direction and order of magnitude of the error 
made at any point is given by the first term omitted 
and not by the trend of those included. To show 
the behavior in this example more clearly, we may 
use an additional 4 terms in the initial series. This 
results in the following additional terms in the various 
indicated steps: 


B,=43867/798; Po =174611/330; By 
PByy = 23636409 1/2730 


54513/138; 


»: +-3.05395 43303 —26.45621 212124 
281.46014 49275 —3607.51054 63980 
+ .01396 41901 — .07102 98859 + .46478 49878 — 
3.81271 04366 

”: +-.00021 10382 — .00059 61288 +-.00225 39069 — 
OLL11 11599 
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 QOOOO 83147 —.00001 39705 4.00008 11716— 


00009 13267 


+ 00000 04870 — .00000 05902 + .00000 OSSS9— 


OO000 17155 
: 57721 56539-+- .00000 00313 —.00000 00513 
: '7721 56658 


+ OOOO 02202 00000 00119 


1’: + 00000 00129— .00000 00014 

The sign of the last term shows that /”’ is not a con- 

vergent series of positive terms and it is to be ex- 

pected that the trend of transformed values would 

show a “break’’ corresponding to the change in sign. 
We might also try the W transformation on this 

asymptotic series. We get: 

We 57718 25397 + 00007 71605—.00008 542774 ... 

which has a minimum term of similar magnitude to 

the second 7 transformation. 


Example 16: S=1+1+1+1+1+141.... 

This example illustrates the divergence of the 7 
series when 7?, =1 for an infinite set of values of n. 
In this case, we get © for the first term of 7, the re- 
maining terms being indeterminate if (9) is used. 
However, use of (5) shows all (7°) are infinite. If we 
attempt the W transformation in this case, we find 
its terms to be indeterminate. We note that any 
considerations of “analytic continuation” should give 
S~= lim 1/(1—.) 

“! 


eo. 
Z 
Example 17: S=1+24344+4+5+64 

This example illustrates theorem 16 since we 
have all R,>1 but 7?,-°1 in this case. The 7 series 
is found to be 

T |1—2—3—4—5—6— ..., 

which diverges, being precisely the negative of S. 
This shows a departure from what might be expected 
heuristically since 1+ 22+ 32°+42°4 lii—zr)? 
is positive for z>1 as well as for r<1l. The W 
transformation gives even more unexpected results 
since it leads to W=0 in closed form, being the 
average between the S and T series. 

This example also illustrates that, for divergent 
series, we do not have the equivalent of theorems 
11 or 12, at least for R= 1 in that one could hardly 
expect a “smoother” series than given here. 


4. Comparison With Known Methods 


Obviously, where use may be made of special 
properties, better results may be obtained than by 
working with a given series either directly or by 


| series are available. 


appheauon of any general numerical summ 

technique. For example, log 2 need not be obtaiy 
from the series given in example 1 since knowle: 
of the properties of the logarithm permits | 
development of series better adapted to comput), 
purposes. Similarly, the series used for the Eu! 
Constant in example 14 would never be used { 

evaluation of the constant since far more convenie) | 
It is chiefly when a series 

given whose properties are not fully known to t)) 


computer that general summing methods are of 


| substitute for such methods. 


value. Even in such a case, examination of thy 
terms may indicate a special, convenient method for 
summing the particular series. The transformation 
discussed in this paper is not to be considered as » 
For this reason, no 


comparison with the method of “summation by 


parts’’ which involves knowledge of the genera! 
expression for the n’th term and a judicious splitting 
of such expressions into factors or with the method of 
Borel, which involves recognition of integrating 
properties of a function by examination of a series 
representing it or with the method of inserting » 
suitable variable factor (usually successive powers 


| of a variable) into each term of a series to obtain a 





function of known properties which can be evaluated 
under a condition corresponding to unity for each 
factor, will be attempted. 

Of other summing methods, we will limit ourselves 
to the following in our comparison. In the discussion, 


we treat these methods as transformations of series 


although they are usually expressed as transforma- 
tions of sequences. In most cases, moreover, we 
assume the original series to be prefixed by a zero 
term in order to get more analogous transformation 


4.1. The Euler Transformation 
This consists in replacing the series S > a, by 
0 


the series 
er 
E= 20 ¢. 
0 
where 


fo=5 Go 


1 
€1:= 53 (do + a)) 


1 n(n—1) 
€,= gre do na,+- >) ay+ 


+nady 14 a.} 


n(n—1)(n—2) 
7 3! 


The transformation is of particular value when the 
a, are such as to cause ¢, to vanish for n> since, 
in this case, the / series terminates permitting com- 
plete summing. This special case occurs when 





1)" P(n) where P(n) is a polynominal in n. 4.4. The Riesz Transformation 


s to be noted that, in this case, S is divergent 

) R,—-—1 and an analytic function of I/n. It is This transformation also has various “ranks” of 
ther to be noted that this transformation does not. complexity. The first rank is identical with the 
prove convergence when S is a convergent series | Hélder transformation. We shall take the third rank 
erms of the same sign but actually leads to a new | as indicative of the more complex forms. The Reisz 
ries of slower convergence than the original. transformation of third rank changes the series 


4.2. The Hélder Transformation S 2 a, imto the series P? DP» where 


[his is usually expressed as a group of transforma- e 
ons of various “ranks.”’ However, transformation | po: 33 
frank r can be considered as r¢ repetitions of trans- | 
ormations of first rank and we therefore restrict | a 
wirselves to the simplest case. The transformation pr- (; ae )a 4 l ‘i 
hen changes the sertes = > F's 


~ ° | . H S\I | (n+1)y n nn” (n 1)* . * 
_— oo , = — ay 4 ‘ 
S_ ED Toe ote Ge Sa Wa Pal (n+ 2)" (n +1) (n+2)) (n+1]°' 


le 
(n-+ 2 


This transformation, like the preceding, leads to a 
more slowly convergent series if S is convergent with 
all terms of the same sign. Moreover, 7? cannot 
terminate if S does not do so. 


+-2a,) 


l 

ay+2a,+ 3a,.4 
(n-+ 1)(n +2)! ; 5 
4.5. The de la Vallee Poussin Transformation 
This transformation cannot lead to a terminating | hi . . . . _ 

ge es ae . iis consists in replacing the series S= 53 a, by 

series if the original series is infinite. Like the Euler This consiste Se a ao”: 
transformation, this transformation leads to a more | 
slowly convergent series if S is a convergent series | 
all of whose terms are of like sign. 


na,_;+(n+1)a,]. 


the series L >» * where 


4.3. The Cesaro Transformation 


This is also usually stated as a group of transfor- | 
mations of various “‘ranks’’ of complexity. The first Is 
rank is identical with the Hélder transformation. 
We shall take the third rank as indicative of what | ; 92 
may be achieved with the more complex forms. The | l_= [ aot = ~ a,+ : ay+ 
Cesiro transformation of third rank changes the (n+ 1)(n+2) (n+) (n-+3)(n +4) 


3?n(n—1) 


series S== S$} a, into the series C 2 c, where 4 nn! 
‘ “*-* 
(n+3)(n+4). ..(2n+1) 


Uy “v 


Ay 
{ (n+1).n! ae 
(n+3)(n+4)...(2n4+2) " 


15 (3ay+ 2a,) 
o . ° . 
Like most of the other transformations, this trans- 

. formation leads to a more slowly convergent series 

4) + 2)(n + 1)ao+ (if S is a. with all terms of like sign. 


L terminates only when a, is of the form: 


3 
(n+ 1)(n+2)(n+3)(n-4 
(n-+-1)n + 2a, +-n(n—1)- 8a,+ ... +3-2na,_,4 
2(n+1)a,] a,=(—1){ A, + n(n4+ 2) A, 4+ (n— 1)n(n+2)(n+ 3) Ags 


oe hl . . ! 
his transformation also cannot lead to a terminat- eh.” (nt mAn | 
ing series if the original series is nonterminating. It (n—m-+1)(n+1) 

also leads to a more slowly convergent series if S is 


convergent with all terms of same sign. where the A; are constants and m is finite. 
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4.6. The ‘Ratio’ Transformation 
This consists in replacing the series S 


the series Z= >) z, where 
0 


for n<k 


a» 
“1—R 


Ra n—k 


1—R 


a, 


for n>k. 


This transformation leads to a more rapidly con- 


vergent (more slowly divergent) series wherever | 


Ansk 


> oo, shall take as the 


We k 
a 


smallest integer for which this is true. This transfor- 


RA asn 


Example 1: 
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Examination indicates that W converges more rap- 
idly than any of the others for the first portion of the 
series while EF is fastest for later portions, with W and 
T next and the remainder all of lower order of 
rapidity. The crossover point between FE and T in 
size of terms is at 8 terms. However, all terms in E 
are of the same sign while 7 has terms alternating in 
sign so that the crossover for error in summing is 
further out at 10 terms. Corresponding crossover 
values for E and W are 13 terms and 15 terms. Z is 
superior in convergence to the remaining 4 because its 


-+ 


2n(2n— 


+- 


, , , . Ge, 
mation leads to a terminating series when —" 


" 


' | for n sufficiently large. 


It is again pointed out that the transformat 
in this paper differ from all of the above in not ty 
linear. Moreover, except for the “Ratio” try 
formation, all of the above have terms depend 

| upon an increasing number of terms of the ini: 
series, while the transformations considered in 
paper depend upon only 3 or 4 terms of the original, 
This tends to make computation easier than for 
most of the other transformations but makes results 
more sensitive to “irregularities”. However, results 


This 


| original series is considered as the first. 

it may be of interest to consider the various 
methods applied to the examples previously dis- 
cussed, although this does not necessarily give a 
comparison of general validity. 


. . . 
| become essentially independent of which term in the 
| 


= n+l 

pa, 
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_+ + + ss 


7056, 
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(—1)**! 
2n(in+1) 
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terms alternate in sign although of the same order of 
magnitude. It is further worth noting that #7, C and 
P are irregular between even and odd terms. This 
same type of irregularity occurs in L if no zero is pre- 
fixed to S prior to transforming it. Under the same 
conditions, the irregularity in H does not take the 
simple form of vanishing of even terms. The labor 
of computation is (not using the general form for the 
terms) least for Z, somewhat higher for 7’, higher still 
for H and W, with C and P worst in this respect. 
Repetition of any transformation leads to a series of 








|, improve convergence again to a similar degree 
ve first application. For this example, therefore, 


» appear to be no favorable features in use of the | 


(or P transformations. Fis best if the general 


: is recognized and no repetition is required. 7 
probably best otherwise, although the higher ra- | 


ity of convergence of W' may justify its greater 
or of computation. 


am ple 2: 


17 13 &§ 7 2 
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Sn—3 = Sn—1 
2n(4n—3)(4n—1) (2n—1)(16n?—1) 
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| The others are of doubtful assistance. 
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The general terms for /, HW, L, C, and R are not of 
» 

simple form but, for large n, they tend to—=3)— 
t 

log n 


vr 3 log Pee. 3 log n 


; » respectively. 

n 2nyn n 
The irregularity thus makes all the methods meng 
terms being of higher order of magnitude than in 
example 1, except for Z which, however, has terms 


of constant sign in this case instead of alternating 


sign. None of the transformations has improved the 
rapidity of convergence and the last 4 have made it 
poorer. Repetition of any transformation leads to 
poorer results. 
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T and W obviously are identical to the original. 
Such a series 
should, of course, be handled by omitting the zero 


| terms. 
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The general terms for the latter series are some- 
what complicated but, for n sufficiently large, they 
28 68 84 
25n?” 125n?’ 


and P, respectively. 


tend to si? and = 
25n? 25 


The last four series are there- 


fore definitely unsatisfactory for summing since they | 
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last four series have terms tending towards 


3 : ms 
? 5?” and 5,3 respectively. Z is the only 
on 0 : ' 


/ all terms of the same sign as well. 
| peculiar variation with somewhat slower overall con- 


,for H, L, C, | 
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ee 


11135 
169344 


Ps << 


have larger terms than the original series and have 
FE has terms of 


vergence than the original. 7 and W are similar to 
the original in most respects. Z is best, of course, 
in giving a closed form sum, and is the only one of 
the group that is any improvement over the original. 
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transformation leading to a faster converging series. 
T and W lead to series of similar order of convergence 
as the originial while the remainder are of slower 
convergence. 
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Z not applicable. 


fhe remaining transformations all lead to series | S but, as indicated in a previous section, it can be 
converging more slowly than the original since S | combined with S to obtain a more convergent series, 
has terms all of the same sign. TJ is not usable | if its trend is known. W obviously converges more 
directly sinee its convergence is similar to that of | rapidly than S. 
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The L and 7’ series have terms of the order of 1/n? | Examples 8 and 9. ‘These were inserted for theo- 
for large n. For this series, therefore, E gives the | retical interest to show that the 7and W transform- 
ment a convergence, although with terms of | ations were not related in the sense that the field 
rapidly convergent a I Pr ra ba Be of application of either included that of the other. 

In neither example is the Z transformation applica- 


give terms of similar order of convergence to that of 4 
the original series. Z is thus preferable to all those ble and, in both examples, all the other transform- 


listed for ease of summing and is, in addition, much | ations considered lead to series of slower conver- 
simpler to evaluate. gence since terms are all of the same sign. 
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For this example, 7, W, F, Z, and L all lead to 


series terminating with a “— term. H,C,and P 
lead to convergent series. Ithough the terms in 
H are of higher order of magnitude, they are of alter- 
nating si ivial t . Sin - 
ating sign and trivial to sum. Since Fadl 


1 9 


= a : C is readily summed to a 
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total of ;- Also, we have 


12n’?+10n+1 
8(n+1)(2n+1) 


12n?+14n+3 
Sn(2n+1) 


= 3 2 (2 1 ) 
~ Sn(n+1) S\n n+l 


4 We thus 
see that all methods are consistent with each other 
in this example but that H, (, and P are most 


difficult to apply and evaluate. 


so that P is readily summed to i+o= 
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For this case, 7, W, and Z lead to terminating series 


while FE and L lead to convergent series (terms for 


9.R"* 1 
not of sufficient power to lead to series that converge. 


the latter tend to 


| Furthermore, if a similar series of larger modulus 
| were taken, sav 
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we would have E and L diverge as well with 
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with terms tending to Mayes - How- 
ever, in this case, FE and L could be repeated to obtain 
equivalent convergent series. It is easy to sum / as 
given since it is a geometric series. It is found to 
agree with the single term values obtained for 7, 'V, 
and Z. It can be shown that Z also sums to }s. 





other transformations lead to properly divergent | 
Thus 7, W, and Z are the only methods that | 


1) meaning to this type of properly divergent 
es. They agree in value assigned, 
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tions lead to properly divergent series. Z is easily 
summed to give —2+3= +1 in agreement with the 
sum of the 7 or W series. Z is, of course, simpler 
to apply and sum than is 7 and either is simpler 
than W. 
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| Hence we may readily sum all of the convergent 
As for the preceding example, all other transforma- | 


| repetition or otherwise to this same sum. 
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Also, from 


example 10, the Z and H series may be summed by 
All the 
methods are therefore consistent for this 
E is best since it terminates. T' is not 
or P in rate of convergence. 


, —_ a 
series above, obtaining 4,0 all cases. 


given 
example. 
quite as good as W, C, 
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In applying all transformations, the first term in S 
was omitted during transformation and then added 
to the first term of the result since it is not smoothly 
related to the following terms. Terms far out in 
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and P respectively. Hence all the series diverge. 
However, these values are not approximated during 
the early portions of the series which are the most 


important for summing. In these early port 

given above, W appears best, while 7 is conve; 
because it is easier to compute than most of 
others. All the transformations can be repe; 
on the later portions of the series to obtain, 

suitable manipulation, any desired accuracy 
evaluation. However, only T and W have ea 
terms fitting smoothly with later terms as conc 


| sign. 


Examples 16 and 17: These were included in ea: 
discussion to show the behavior of the 7 and 
transformations when R=1. The Z transforma: 
is not applicable in either case, while all the othe 
transformations considered lead to properly divergent 


. - “y 
| series since S is of that character. 


The author is greatly indebted to Alexander \| 


_ Ostrowski, Otto Szasz, and Franz L. Alt for pointing 


out several errors in the first draft of this paper. 
He is particularly indebted to Olga Taussky, who 


_ carefully reviewed parts of the final manuscript and 


whose suggestions led to material improvement of 
the paper. Ida Rhodes also contributed substantia!| 
by checking the numerical work. 


Wasuincron, November 2, 1950. 
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-operties of Certain Statistics Involving the Closest Pair 
in a Sample of Three Observations 


Julius Lieblein 


Triplicate readings are of wide occurrence in experimental work. 


Occasionally, how- 


ever, only the closest pair of a triad is used, and the outlying high or low one discarded as 


evidencing some gross error. 


leading to precise determination of some of the biases that result from such selection. 


The present paper presents a mathematical investigation 


This 


project was suggested by certain experiments involving random sampling numbers and analy- 


sis of published chemical determinations. 


The theoretical findings agree closely with the 


empirical results and imply that selected pairs not only tend to overestimate considerably 
the precision of the experimental procedure, but also result in less accurate determinations, 


1. Introduction 


‘Triplicate determinations are fairly common in the 
chemical laboratory inasmuch as a third one is occa- 
sionally taken to indicate which of the other two is 
more likely to be off the mark. <A corollary of this 
is that if only two of the three measurements are in 
close agreement the worker is under strong tempta- 
tion to discard completely the remaining distant one 
on the ground that evidence of gross error is present. 
\ similar practice also appears to be encouraged by 
instruction methods in quantitative chemical analysis 
which grade students not only upon the correctness 
of their results, made in duplicate, but also upon 
their precision as measured by the difference between 
the two results. Thus, a student might hope to im- 
prove his record by quietly making a third, uncalled- 
for analysis, give himself the advantage of the closest 
two of all three, and omit to mention the remaining 
one. This is a very striking case of the long-standing 
problem of the rejection of outlying observations and 
raises the statistical question of how estimates of the 
mean and variability of analyses are affected by such 
procedures, It is this question, rather than the re- 
jection of outlying observations,'* that is emphasized 
in the present iavestigation, although the rejection 
problem is also touched on, in connection with the 
first of the three statistics, y,, discussed below. 

The author is indebted to W. J. Youden for draw- 
ing his attention to this question and suggesting its 
theoretical investigation when search of the statistical 
literature indicated that this apparently simple 
problem had not been considered heretofore.* 

\ccordingly, the present study was executed and 
resulted in the present paper, which is purely a 
mathematical treatment undertakea to verify and 
extend certain sampling results, obtained by Youden 
in an empirical investigation of the above question, 
which were reported in the National Bureau of 

ires in brackets indicate the literature references at the end of this paper. 
nformation on the many aspects of outlying observations that have been 

{ in the literature, the reader is advised to consult a recent article by F. E. 
bbs [1], in which, in'addition to diseussing several new criteria for testing dis- 

wit observations, he presents a detailed bibliography of the problem. A 

larly comprehensive survey of developments prior to 1933 is provided in a 


by P. R. Rider [2] published in that year. See also the two papers by W. J. 
7, 8} and the one by G. R. Seth [19}. 





Standards Technical News Bulletin for July, 1949 
[3]. The method of treatment was to study some 
of the properties of two measurements that are 
selected out of a sample of three according to a stated 
criterion computed from the sample observations. 
The statistics that define such properties are of more 
general character than order statistics—that is, ob- 
servations ordered according to size, such as the 
largest value in a sample, the sample median, ete. 
Whereas order statistics are widely treated in the 
literature,’ the type of statistics being considered 
here, which depend on features other than size, have 
apparently received relatively little attention. 

This report is thus limited to the following three 
questions, answers to which will serve to throw light 
on the differences to be expected between taking two 
measurements at random (“true duplicates’) and 
taking two measurements that are really part of a 
random sample of three.” (1) In a random sample 
of three observations from a single (continuous) 
population what values of the following ratio may 
be considered significant: ratio of the gap between 
the two closest values to the whole range of the 
sample? (2) How does the range in a sample of 
true duplicate measurements compare with the differ- 


3 After this paper was prepared, the author received a copy of a manuscript of 
an article by Franklin M. Henry of the University of California, Berkeley, en- 
titled, “The loss of precision from discarding discrepant data”. This artiele has 
since been published [11]. It presents no mathematical theory for triads, but 
gives, among other interesting points, a discussion of an experiment in judging 
10-second time intervals by a series of triplicate measurements in which the two 
“closest” were averaged in each triad. The standard deviation of the mean of 
such averages for 50 triads was 0.131 sec, whereas theory (table 1b, Part B, col. 1) 
gives (since the standard deviation of the whole set of 150 readings is ¢=0.162 
instead of the #=1 used in our table) the remarkably close value 0.7986 X0.162= 
0.129 sec for samples from a normal population and 0.9083X0.162—0.147 see for 
samples from a rectangular population (col. 4). The author is obliged to Henry 
for his kindness in making his paper availahMe in advance of publication 

Attention is also called to a note by G. R. Seth [10! on the distribution of the 
two closest among a set of three observations. Seth became interested in the 
problem in the course of a discussion witht the author during his visit to the 
Statistical Engineering Laboratory in the spring of 1948. In this note he obtains 
in gencral terms some of the results also given in the present paper and applies 
them to the normal distribution. The author wishes to acknowledge that the 
present paper has benefited from correspondence with Seth on the problem. (In 
this connection see also footriotes 11 and 16.) 

¢ For a comprehensive survey of the literature on order statisties, see Wilks \$} 

5 The most directly relevant article known to the author is by J. W. Tukey [5], 
in which he obtains tables relative to the distribution of the Sonet gap, rather 
than the smallest, in samples of from 2 to 10 by experimental sampling from a unit 
normal universe and also by analytical means 

¢ The answers to these questions are indicated in the tables as follows: (1), 
tables 2 and 1a; (2) and (3), table 1b. These tables, which are an attempt to 
condense the main results of this paper, are summarized in section 2 
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ence between the two values in each of (a) the 
closest pair out of a sample of three measurements, 
(b) the lowest (or highest) pair out of such a sample, 
and (c) the pair of extremes (highest and lowest 
values) of the entire sample of three—as regards 
several types of universes? (3) How do the means 
compare in each case? It is not intended to con- 
sider other problems that can arise, such as drawing 
the sample from a mixed population, or adopting a 
rule to omit the extreme measurement only when 
the range of the three observations exceeds a specified 
value, and utilizing all three of them otherwise. 
Neither is it intended in this paper to go into any 
other statistical questions such as estimation and 
significance tests or more general decision problems. 


2. Summary 


The answers to the above questions involve pri- 
marily the investigation of the distributions of the 
three statistics, y,, yo, and y,, whose main properties 
are summarized in tables la and Ib below and 
compared with the results of both actual sampling 
by making use of a table of random numbers, and 
data on chemical analyses that appeared in the 
chemical literature.’ 

The statistics y, are defined as follows. Let x,. 
%>, T be the sample of three observations arranged 
in order of increasing magnitude: 


F) S72 S73. 


Let now 
, ‘v7 


eau 


designate the same three observations rearranged so 
that 2’ and z’’ are the two closest of the three and 
r’>s’’. Then the selected statistics treated are 


7 . , _ 2’- 2” 
Ye ’ Y= 2 


Ys 
Z3— 2 2 


Results are presented, insofar as they have been 
obtained, for the three parent universes, rectangular, 


? For additional comparisons with experimental data that came to the anthor’s 
attention too late for inclusion in the main body of the paper, see footnote 3 
TARLE la, 


r=<r'" 
vi= 
3-T; 


Normal population 


Sampling Sampling 
with with 

random 

numbers 


Theory 


N, number of samples of 3 

; 3v3 

w(y?—y,+) 
0. M21 
0 1428 


Probability density function 10<y,<1/2 


Fxpected or mean value 
Standard deviation 


right triangular, and normal, though not necess, 
in the same detail for each one. 

The comparisons indicated in table 1 revea! 
following facts for random samples of three meas 
ments, where, unless otherwise stated, the statem: 
apply to samples from a normal or a rectangy 
population: 

1. The empirical sampling results, obtained py oy 
to the theoretical calculations, show fairly substan) 9) 
agreement with the theory. The chemical data from 
experimental determinations reported in a chemica! 
journal and studied by W. J. Youden are likewise 
m agreement.* 

2. The statistic y,, which characterizes the parti- 
tion of the range by the middle item in a random 
sample of three measurements, behaves remarkal|, 
alike for samples from three different basic popula- 
tions, the normal, rectangular, and right triangular 
(table la). This suggests that this ratio statistic 
will not be very useful as a criterion for discriminat- 
ing between a normal population and some other 
population. 

3. A set of two observations selected by taking 
the closest two out of three from a normal or » 
rectangular population differs strikingly from other 
pairs taken from the three or from a pair of true 
duplicates, as shown by the following: 

a. The average difference (as measured by y,) 
between the selected pair is less than half that for 
the true duplicates, and the same is true of the 
variability of this distance as measured by the 
standard deviation (table 1b, Part A, Cols. 1, 3 and 
4, 6). Furthermore, the difference between the 
selected pair behaves (again in an average sense) 
very much like half the difference between the two 
lowest (or highest) in the full sample of three, and 
(in the same sense) is similar to one-quarter the 
difference between the two most extreme measure- 
ments in the sample. The standard deviation of 
the difference between the closest pair is, however, 
comparable to the standard deviation of half the 
range (table 1b, Part A, Cols. 1, 2, and 4, 5). 

b. The mean (y;) of a selected pair varies some- 
what more than the mean of a true duplicate pair, 
| the average value of both these means being the 





| § For other empirical evidence see footnote 3. 


Characteristics of the ratio y, of the distance between the closest pair to the range in a sample of three measurements 


92°" S27", 2) S12St3 


Rectangular population Right triangular population 


Pub- 
lished 
chemica! 
data 


| 
Sampling 
with 


Theory Theory 


random 
numbers 


| random | 
| numbers 


2,0<9,<1/2 2, 0<y,<1/2 
0. 2441 0. 2573 


0. 25 0. 254 0.25 
0. 1480 0. 1565 


0. 1443 0. 1612 0.148 











Especially noteworthy is the fact that the 
iverage of the population is more accurately 
ated by using the two most discrepant observa- 
of the three in forming an average, 4 (z,+-23), 
»y taking the two that are most in agreement, 


the mean of all three (table 1b, Part B, cols. 1, 4). 
Thus, selection of measurements on the basis of close 
agreement inereases rather than decreases the true 
error of measurement. 

In addition to the above relationships the be- 


ih neither method is as accurate as taking | havior of the outlying observation z’’’ is of interest 


Tape lb. Characteristics of other statistics related to the closest pair of measurements in a sample of 3 


If n=3, then 2’ and 7”, 

2 The measurements are drawn independently at random from the populations designated. 
ind centered at the origin. Exact values and distribution functions are given where practical 
hability distribution, the variate is assumed to take al! values from —@ to +o. 


<x, denote the measurements in a sample of n ordered according to size. r’>r", denote the two closest measurements in the 
The rectangular population has been adjusted to unit 
Where the interval of nonzero probability density is omitted 
For fuller explanation see text. 


Rectangular population with unit variance, 


1 
g(t)= a vyi<r<y3 


(3) (4) (5) (6) 


Sample of 2 (“true 


duplicates”’) 


Lowest pair * ina 
sample of 3 


Closest pair in a 
sample of 3 


Sample of 2 (“true 
duplicates’) 


Lowest pair * ina 


Closest pair in a sample of 3 
' : . sample of 3 


A. Statistics relative to the DISTANCE between two values 


, 


bs 


(2-21) /2=8 


D> 2. 2 
e (30°-+8*) 
is 


O<s 


(2-2) /2=p 2’—2r" =2y2 (7:—12))/2=8 (22-2) /2=p 


2 
=€ 
vf 


6y3 
* 


e dt »? 


3y if 
s Jv 


0<wi- 


(W3-y:)? l_ ree)? as 

a waz ( 3 —e)* = (V¥3—p) 
ability density $ v3 v 3 ‘Vv P 
tion 


ey wo 0<p<@ 0<yi< V3 0<s<vV3 0<p< v3 


: 1 ' my 
Ely!) =0.4535 E(s)= 0.4231 | E(p)=—==0.5642 | py) = 3 ~0,4330 
vr 4 577: 


» v3 ” - 
| Be) =0 4330 | p(p)= vig=0 


E(y!) =0.4451 (experimental 

value >) 
Other means for 
cor parison 3 


3 
| E(a;-1))/4= 
4yr 


=0.4231 > 3 3 


E(2:—2):)/4=%= E(1;—2))/4=— 
4 4 


Standard deviation *) = 0.3746 ‘ 2 oo {5 3V5 
anda o(yl) =0.374 o(s) =5.3379 o(p)= (5—1)* = 0.4283 ov 0.3354 ea 78 3354 o(p) = Vig =0.4082 


standard 
for 


wr 
deviations 
comparison, 


a(ry—2))/2=0.4442 @(2)—2))/2=0.4442 o(43—2))/2= o(23—2))/2= 


iB 15 
x =0.3873 + .=0.3873 
10 10 


B. Statistics relative to the AVERAGE of two values 


(2°+2")2=y 


6 @ 
=f f e-aedys 
=e Vln 


where ¢ ranges over (—, 
—3y2+s) and (3y2+ 9, ©); 
Q= ++ H 


E(y:)=0 


(21+-22)/2=¢ (21+22)/2—=m (2’+2")2=qr (21+22)/2=9@ (21+-22)/2=m 


! 
‘robability density 3 (v¥3—|m)), 


function 
—v¥3<SmSy¥3 


= —0.4231 E(y) =0 E(m) =0 


E(¢) = —0.0335 
mental value >) 


(experi- —+— = —0.4330 
4 


Other means for 


comparison, E(t, +23) /2=0 E(ay+2))/2=0 





E(1\+22+2)/3= EX=0 


1 3\i 
en=(4+5 -) =0.7986 


o(ys) =0.8098 (experimental | 


E(1i+224+2))/3=0 
| 


oe | 23 | [a3 | 
Standard deviation o(q) =0.6244 o(m) = V}o=0.7071 on) = 50.0085 o(9) = 0.6423 | a(m)=0.5 


value ») 
o(21+2))/2= | 
( 1 
2 1 
(214-224-723) 3 =¢7=—— 


2 
v3 


=0.5774 


o(21+) 3= 


3 3 
=0. 477 =0.5477 
Vis MT | Y 5g7 8-507 | 


o(2:+2;)/2= 





v3 


; } 
Other standard 3) =0.6018 — «(z)+2))/2=0.6018 
. 


leviations for 
comparison, 





F | 





| | 
| p= t= 0.5774 | | 
| 


he characteristics of the highest pair are obtainable from symmetry considerations. 
lues obtained by sampling experiments using a table of random normal deviates. 
ese density functions have been omitted since they are rather complicated. 


257 





t 
¢ 
a 
\ 
t 


eee err mn ee ewe f 


and will be briefly considered. 

Although the basic ideas present little difficulty, 
the explicit values and probability distributions 
needed in this paper often involve calculation of 
multiple betumeal over quite complicated regions. 
The exact calculation of these integrals has usually 
required much tedious manipulation, too lengthy 
to warrant more than the briefest indication. A 
detailed manuscript of these procedures is in the 
possession of the author. 


3. Derivation of Results; Descriptive 
Properties 


3.1. The Statistic y, 


a. Distribution and moments in general 


Let 2), %, ty be the three observations, arranged 
in order of magnitude, ‘na random sample of three 
from a population with pdf (probability density 
function) /f(7), supposed continuous (and dif- 
ferentiable as often as necessary), and suppose 
f (x) is nonzero m the interval (a, b) where either 
or both endpoints may be at infinity. Then the 
joint density function of 2, 2), 25 is [6] 


p(n ryt pdrdrdr, BU (a fired f(rgpd aid rid ry, 
a<ax,<7r.<73,<6. (1) 


Letting 2’ >2"’ be the two closest observations, the 
statistic y, may be written 


xr’ . 
= min (YY), 
YF | 
where 
Ty TF2 


tr 
» Yyol 21,2 2,74) 


Vil Litas ! 
at YS 


= 1 —yi(r1,22,2s) 
(la) 


are simply funetions of the z’s and will be used with 
the arguments often omitted for brevity. Thus it is 
required to find the distribution of the variate y, 
defined over 0<y,<'s, which takes different fune- 
tional forms, namely 


: l 
Vil 21,22,7s) if O Synl41,72,23) S5 
, l 
Yrlt1,22,29) if Oy (a1,22,23) S 5) 


where ¥), Yi are simply used as abbreviations for the 
fractions in (la). 

To find the distribution of y,, we have (in the 
notation of the theory of probability), 
events indicated on the right are mutually exclusive, 


since the | 


, a , , 1 
PysY. PYO<yu<¥,0<yu<3! 


| + PN0<yn<¥, O<¥nS; 


which is equivalent to 

[ ®, if Y<0 

PO<yn<Y 
P{OSyn<¥ 


1 


, if 0<)< 


if ¥> 5 








The equation (2a) can be differentiated with respect 
to } to give the probability density funetion in the 
form 

, l 
PAY), fh O<yn, Yas 5=9, 2b 


PYD= WY) + 
0, otherwise, 
with y, and yy» replaced by y, in the result. Thus 
the required distribution is reduced to those of sta- 
tistics of the usual type. 
To find p; (yi), apply the transformation ° 


I) kno 


~ql —Yu) 


to (1), obtaining 
6g fr —Qflr—q — yw) frdyrdr dq 


a,a<r<b,0<yy,<1 (4 


hig qndyndrdq 
O<q<r 


whence the pdf of the variate y,, is 


Prl Yiurd= " . 


PU—Yu), 


6q f(r—QMi(rslr—qU —yu)l dq dr 
OSyu Sl. (5 
Since y= 1—yn, its density function is, similarily, 
* “r-a 
PAY.2)* | | 6q fr—QMIMfr—qyy) dq adr, 

F 0 

O0<Sy¥nSl. (6 
Hence finally (2b) gives 

PY)= iY b _ S(r—QOI Oey ddq dr, 

0<y,< 


, rr—2 
* This is obtained by putting n= q=n—r, and r=r, 





Hy)=S(r—qyd+Slr—qU --yw)I, (8) 


he general formula for the distribution of y, for 


pulation with continuous pdf f(z). 

‘he above expressions appear to lend themselves 

but few general statements. Thus, it may be 

» from (7) and (8) that for a rectangular parent 

vation f(z) the distribution p(y,) of y, 1s rec- 
gular. Furthermore, y, will evidently be rec- 
ogularly distributed for all parent distributions for 
which the function $(y,) does not depend upon y,, 
that is, for which the fuaction 


pe 
{ 
t 


tabi 


oy )= S(ir—qy)+ S\r—qli-—y)) 


depends at most upon r and gq. If f is a linear 
fmetion (triangular or rectangular distribution), 
this is seen to be true, for the y;’s cancel out. Con- 
versely, by differentiating with respect to y,, it can 
be shown that if y, has a rectangular distribution, 
then f nrust be linear, if differentiable. 

For future use, it is desirable to obtain general 
expressions for the moments, y,, of y,. In view of 
in), (2b), and (6) these are given by 


, } 
My [ yi Py) dy, [ Yi Pan) dyut+ 


j 
[ Yi2ePi(l — Yio) dyiz 


which, under the transformations 


l 
Yu=5—4, 


— 


1 
Yu=5—6, 


become 


1 GD [men Goo) 


in which p, is the pdf of the ratio 


T2—T2) 


- eer 2 


If the function p,(u) is one that is symmetrical about 


l , , 1 
u=s) then py, may be written, putting a—t=s, 


hah 2{' s*p,(s)ds. 


For certain symmetrical universes, the distribution 
of yy, has been investigated numerically by W. J. 


988531—52— 








Dixon [7] for samples of three and various larger 
sizes as well.'® 


b. Rectangular universe 


For the rectangular or uniform parent universe 
given by 


JS(x)=1, 


and zero elsewhere (this simple form is called the 
“square” universe), the general expressioa (7) 
becomes 


1 r 
piw=2f 6qdqdr=2, 
oJo 


verifying that the ratio y, also is rectangular. 
The first few moments are 


O<2r<l 


0<y<t 


. 1 . 1 ‘3 P 
E(y)=7 Elyi)=795" o(yi)= yo= 1443. 

It is interesting to see whether values of the ratio 
y, tend to depend on the spread, z;—~z,, of the sample 
values. 

It can be shown by the method used in obtaining 
(4) that, for the rectangular case, the joint probability 
density function of y;, 2), 23 is 


SF (Yi,21,%3)= 12(23—2), 0<24,5%,<1, 


Since this is independent of y,, it follows that the 
ratio y, is independent, not only of the range, but 
also of both sample extremes z, and 25. 
c. Triangular universe 
In simplest form this is given by 


J(z)=22, 


and zero elsewhere. Formula (7) here gives 


O<zr<l 


wu)= f [s8ar(r—a)r+ (r—q)\dqgdr=2,0<y, <} 


so that the distribution of y, is identical to that of 
the previous case. 


In addition, Dixon has published a paper [8] that gives a thorough treatment 
of a large number of measures that may be used in testing whether ‘an outlying 
observation (or several such) should be rejected. Of these statistics, the only 
- — has any direct relationship to any studied in the present paper is, 
lor n=3, 


7, ~—T, -1 1%3~22 
=~ . 


which (for n=3) is the same as yu(=1—gu) in (la) above, is 
ixon as a criterion for testing the upper outlier m. The author 


This wpa) 
y 
Dixon for making his two papers available in advance of 


mentioned b 
is obliged to 
publication. 
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Distribution of ratio y, in samples from a normal 
and from a rectangular universe. 


Fieure 1. 
33 d 1 
v wv 
fiyodne= . ’ 0<< 
wen vi-ntl 2 


g’~—z"" 
=— 
tT 


r’>r”, m>nm>n 
d. Normal Universe 
l — jz’ 


For f(z) e . 
y2r 


—o<r<e, (called the 


unit or standard normal distribution or universe), 
formula (7) becomes 


9 


® "Le 6 1 ; 


(r- qu) t exp(—3 l(r —q+r*4 


(r—ql —n)'l) da dr, 0<y< = 9) 


=¥e ee hy 
mil—yt+y’) saad 


—f 


PY)= 


This consists of the are of a Cauchy distribution 
curve included between the left-hand inflection 
point and mode, and is shown in figure 1. Several 
percentage points obtained from the cumulative 


distribution are presented in table 2. 
Tare 2. Percentage points of y for the unit normal 


on Pr in<oni=* arctan 2y5—! +1 
rN 7” ’ 3 


Probability, P, Critical value, y?, 
that gy; does not | corresponding to 
exceed given val- given probabil- 
ue of y? ity P 


P P v? 


0 
0. 00608 
0. 02979 
0. 05874 
0. 14128 
0. 23205 


" This distribution has also been obtained by G. R. Seth [10]. 
notes 3 and 14). 


The above table bears out the fact that the , 
% is not a good criterion to use for the rejectio 
outlying observations. Thus, a ratio as mark; 
one-sixth or less, indicating that the outermos: 
servation is at least five times as distant from 
middle one as is the remaining one, may be expe. (eq 
(if the universe is normal) ak 30 percent of the 
time; even when the distances are in the ratio 10 «9 | 
or more, one by no means has a rare event— it a, 
be expected only a little less often than in one 
sample out of six. 

The moments are given by 


1 373 
2 2 


E(y)= In .. 0.26209, 


3y3 : 7 


3} 27 4 
7)" 9 
* he eer = (in , 0.020392, 


Vin) 


o(y)= + Viy)=0.14280. 


| The correlation between the range and y, is found as 
follows: 


, ” 
: 2’—z . 
EB (1.2): [Bes 2) By 
tf3-— 21 i 


| e(r3— 21, Yi) = a(%3—21)- (4) 


_E(2’—2")—E(z3—21)- E(y) 


o(r%3—21)- o(y1) 


45352 —(1.6926) (0.26209) _ 


e(ts— 21, Y= (9 98837)(0.14280) 2-281, 


on making use of the fact that 


eee ee 6—373 
E(2’ —2r"’)= E(2y,)= ie 
‘7 


=0.45352, (10 


from a result obtained on page 263 and 
£ 


E(z,—z;)=2E(z,)=—-==1.69257 
N T 


o*(43—21)=20°(23)—20(x,23)=2 


=0.78920, 


from the exact values given by Jones [9]. 


3.2. The Statistic y,=!s(z' —z"’) 
a. General Formula for Its Distribution 


The development of section 3.1,a. can be used 
but will not be given here. It will be more fruitful, 
however, to pursue an alternative method adapted 
to the form of y: and y:. This will readily yield the 
joint distribution of y2., ys and thus simplify their 
study. 








nd as 


Ey, 


(10 


used 
itful, 
pted 
1 the 
their 





e first obtain the joint distribution of 2’, r’’, 
x where it will be recalled that z’ and z’’ are the 
ty closest observations, z’>z2’’, and 2’” is the 


bh w the closest pair. Writing 


rr 


=v, 2”’=w, 


we have the transformation 7 given by 
rm=u 
when 2.—27; <23—Zo, 7 
r2=0 >. . 
i.e. u—2v+w>0 (R) 


> 7 


‘ 
and 
. 


U 





.f 
a u 
when Yg—2Z1>23—72, 
Te u ° 
i.e. v—2u+w<0 (RJ 
r3=t 
We know the joint distribution of x,, 72, zs, namely 


pr ,To,23) = 3! f(a) f(x22)f(x9),a <7 <27,<2;<), (1 1) 


and desire that of u, 7, w resulting from the transfor- 
mation 7. Since the regions of definition become 
increasingly complex, we shall sacrifice some slight 
generality by taking a=0, b=1, and reworking the 
results whenever necessary. This will not be diffi- 
cult onee the general line of procedure has been 
indicated. 

Since the function in (11) is symmetric, the density 
function for u, v7, w remains of the same form. The 
only difficulty is determining the region over which 
it is different from zero. By somewhat tedious 
manipulations, this region may be shown to consist 
of the portions: ™ 


®—u<w<i, u<v<s(u+)), O<u<l (Rj) 


R’ 
0<w<2u—r, : v<ucr, 0<vr<l, (RD 
so that the pdf for (u, r, w) is 
g(u, v,w)=6 f(u)f(v)f(w) in R’ 
(12) 


=0 elsewhere. 


The joint distribution of u(=z’’) and o(=z’) 
may then be obtained by integration: 


_— 


‘ote that the variables u, ° appear in reverse order in (R;’) compared with 
R If the order is kept the same, it will be found that (A,’) will need to be 
further broken into 2 parts, (Rn’) and (Rx»’). The present order will therefore 
This need occasion no difficulty if 


he sined in the interest of simplicity. 


Care 


s used when integrating. 


re aining one, the outlying value, either above or | 


fu) flo) | S(widw, u<e <5 (u+1),0<u<l 
2e-—u 

cao (13) 
6f( wpe f T(w)dw, ; v<u<v,0<v<l 


fi(u,v)= 


It should be remembered that this formula holds 


_ only if the initial distribution f(z) is non-zero in the 


range 0 to 1. For more general ranges a to 6, the 
results would be rather complicated. 

The joint distribution of y, and y; may be obtained 
from that of u, v in (13) by the transformation 


Be ae 
yz (2’—2")=5 (v—u) 


1 1 
Ys=5 (2’+2")=5 (v +4) 


, , 1 : 
_ with Jacobian —;, and inverse, 





U-": u= (14) 


=—Yat Ys, 0=Y2t Ys- 


Substitution into (13) presents no problem. The two 
partial regions in (13) are transformed as follows: 


O<y<*5@  SmS1 
first sub-region into 
O<ysSus, 0<m<p 
(15) 
1 3 
OS¥2S3 Ya, OS¥S7 


second sub-region into ‘ 
O<y2S1—ys, qc¥sSi. 


Discussion of moments and other properties is most 
easily carried out in connection with the specific 
populations discussed below. 

To find the distribution of z’’’ (=w) the region R’ 
must first be expressed by changing the order of the 
variables u, v, w so that the condition involving w is 
written last, permitting u and vr to be integrated out. 
The procedure is the same as determining new limits 
when transforming variables or changing the order 
of integration. 

The result of transforming the region and inte- 
grating out wu and v is 


wer f+ SS. ]9 ae ae 
i= f+ ere 7 g dv du, 


0<w<l, 


(16) 


where g=g(u,v,w) is given by (12). 
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a p(y.) = 12(1-4y,)* 








1/4 
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Figure 2. Frequency function for yo. 


b. Rectangular Universe 
For a rectangular (square) universe 


J(z)=1, O<r<l, 


(13) becomes, with the aid of (14), (15), 


121. —3y2—Ys), Y2 [Ys 1 —3y2, O <n<j 
PAY2Ys)= 1 
12(—3y2+ Ya), 3¥2SysS1—y2, OSHSq 


(17) 
so that the pdf of y, is 


*l—3y 
Ply2)= 12 | ‘(1—3y2—yaldyo4 


\-y 
12 [ *(ys—2y2)d ys, if O<y. <i 
J3 


—12(1—4y,)°, if 0<y<} 


Its graph is sketched in fig. 2. It is seen that 
small values of the difference (z’—z’’) appear to be 
overwhelmingly frequent in samples of three from a 
rectangular population, thus giving a possible intuitive 
explanation of the fact that the dispersion is much 
less than in the case of true duplicates. 

Moments of this distribution are 


1 
160° °° *’ 


E(y)=6-4-"(k + 1)(k+2)(k +3), 


o(y)= {gy o= 0.04841, 


E(y.)=+5" E(y)= 


It should be recalled that these moments apply only 


| This becomes, putting 





to sampling from the rectangular (square) po; 
tion, in the form /(z)=1, OS751; and 0 elsew! 
For the case of a symmetrical rectangular populs 
with unit standard deviation, see sec. 3.2, d, (4 


c. Normal Universe 


Since the limits are no longer 0 to 1, the disty) iy. 
tion of y, has to be worked out anew. 

For the sample of size three, the two functional 
forms of y2=4(2’—-2’’) are 


Zfa— TZ 
> » when Lo—7; S73- r2 
Ye : 
Zt3- i 
9 


*, when r.—27; > %3—22. 


— 7%, =8), L3— L2=82, 


1 
5 81, When 8, Ss. 
1 


9 


Yo 


8S, When 8; > 8». 


The desired distribution will then be obtained from 
the joint df of s, and s, by integrating out the above 
conditions (18) separately and replacing the “free” 
8; by 2Y2. 

The joint df of s; and s, is found by the usual 
method of transformation from the joint df of the 
basic ordered variables z,, 72, and zx; as follows: 
The transformation 

Z2—-21= 8 


t3— 22> 82 
1, L217 L3=>83 
carries the joint df 


3! ~H(ei+ 


24,2 
F(x1, 2, ty,)dridrdzs= 9 sn ¢ ‘ ») dx,dxridz;. 


— er 022,57; 0 
into 
-2 


1 
9( 8, 89, 83) d8,d8,d8,= ——= ¢ 
Ty 2r 


= 2 * +e2 y 
t Mites 2) ds,d8qd8,0<8- Co, 
0<8.< inal as @ << 83<— @ 


Integrating out s; from— © to gives 
[Q —¥(e?+e,0+0 
h(s;, 8:)d8,ds,.=% 3 Weitere 2») dedép, 0<8,< , 
rT 


0<8< o, 


We can then obtain the distribution of y, as 





duddy| {, (11, 82)dsa-ds, | = + 
[f. h(s,, 82) ds, dss] 
J *12>*%2 #2=2y2 


3 i 4(.2+20,9,4 of 
ith fg Hors “ds, 2y.dys+ 


rT t. 2ug 


¥ - }(.? ri 
€ 


—4*v3, ef P 
ul o/ Buy 


: l 
on using the transformations f= 3| 


2s +4 


*®) de, . 2usdus, 


"dt. dys, O<yr< 


l 
82+ Y2), t als 
n the first and second terms respectively, and 
combinmg. This change of variable in the infinite 
integral is legitimate, for both old and new integrals 
converge, and the transformation s=3t—y, from s to | 
( has a continuous derivative (unity) which does not 
vanish in the range of integration. 

The first two moments of y, involve integrals of | 


the following types: 
T a 
7 (\a- ) 
vd 


aa § ak’ 
| J ye 0 drdy= 2 A? “arctan (34 5) 


iT Yo) 


| ye “drdy 
Jky 


of n. 
by p (Part A, cols. 3, 6). 


_ conveniently obtained by 
| simple case of a square distribution and then multi- 





in which 


ar’ +bry+cy’?, A=4ac—b?>0 


b 
kts 


Q 


k’ q=— ak? + bk+e. 


These values give 


—3,3 


“as 


E(y.)= 


=0.22676 


—33 
4nr 


. 6: 3 
Viy2)= a LE 0.03508 


@ (2) = 0.18730. 
d. Comparison of y, with other measures of two observations 
(1) “True duplicates” (sample size n= 2). 


For samples of 2, the closest pair (z’’, x’) is simply 
the entire sample: 


2’=2,, 2” =2%, 





where R, will be used to denote the range of a sample 
In table 1b, y. (for samples of 2) is denoted 


Since a main objective is to make comparisons for 
samples from rectangular and from normal popu- 
lations, it is first necessary to put them on a com- 
parable basis." The normal population studied is 
symmetrical and has standard deviation unity. 
The rectangular population with these same char- 
acteristics of location and scale is 


1 ‘ _ 
g(2)=——> —yv3<r<y3, 


y12 


0 otherwise, 


| since the standard deviation of the rectangular 


(square) population previously considered is 12. 
The quantities needed in the comparisons below 
involving the rectangular distribution will be most 
computing them for the 


plying by the scale magnifyinge factor y12. Evi- 
dently the statistic y, will not be affected by the shift 
in location of the population. 

The results are (here 2y is simply the range, 


| Lg—Z,): 


Rectangular universe 1/J12,— V3 <2< v3; 


and 0 elsewhere. 


E(y.)=E ("57 )=E (5 Rs)=3-5- 


o(y2)=o (257 ) Vz -243=0.4082. 


g(r) 


y12=0.5774 


(From the distribution of the range p(R,)= 
n(n—1)Re—1—R,) for n=2, combined with a 
transformation which multiplies the scale of the 
variable by y 12.) 


Normal universe f(2)=(1/y Qr)e-F/2, —w<r< © 


E(y2)= E( 


(23° )-Q-; 


(From Jones [9].) 

(2) Lowest (or highest)" pair out of three (n=3). 
For samples of three, 7, <z.<z3, we have the fol- 

lowing results for s=(r,—-2,)/2: 
Rectangular universe g(x)=1/ 12, 

and 0 elsewhere 


—; 52')- 1/ /r= 0. 5642 
1 


o(¥2)= ) = 0.4263 


—¥3<2< y3; 


3 This consideration did not ~\~ when studying the —- y), because, being 
a ratio of lengths, it is unaffected by changes in scale of the parent population. 

“ Since the oe distribution 1s in each case symmetrical, the results for 
the lowest and highest pair are identical. 
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2=0.4330 


Za3—2 /3x12 ome 
o( = ‘)= y a9 70-3354 


(From Wilks [6}.) 


Normal universe (1/V29)e-27/2, —@- 


I(x) 


E (=> ) nee 0.4231 


m—zr\ (1 94+6y3\) . LL 
o(*, )=(1- ee ) 0.8379 


(From Jones [9].) 


(3) Half-range, - (z3;—2,)(n=3). 


The analogous quantities which describe the spread 
in the set of 3 are: 


Rectangular universe g(z)= 1/12, —¥3<2< y3; 
and 0 elsewhere. 


E(=5 *\<B (3 Ry )= 4-5") 12=0.4330 


- (75 7 )= v(1/80)-12=0.3873 


(From the distribution of the range p(?,) for n= 3.) 

The reason for using one-fourth rather than one- 
half the range runs somewhat as follows. The 
distance (z7;—z2,) between two adjacent values in a 
sample of 3 can take values from zero all the way 
up to the range of all three. Thus, in a rough 
average sense, this distance represents some fraction 
of the range, and it happens that in the cases we 
have considered, this fraction is remarkably closely 
given by one-half, so that half this distance, namely 
s=4(%,—2,), is, in the same sense, given by one- 
fourth the range. 


Normal universe f(x)= (1/J2n)e-22, -w<r<o, 


{23-2 ie 
n(™5%)-3! 


4yr 


Zy-TZ1 — 9 
o( » )=0.4442 


(From Jones {9].) 


0.4231 


(4) Closest pair in samples of three. 


For comparison, moments of 2y,.—2'—z’’=y, for 
samples of three are presented here based on the 
moments of y, found above (secs. 3.2, b, and 3.2, 
c.) and also adjusted, in the case of the rectan- 


| gular universe, for moving the mean of the dist; ,. 
| tion to the origin and increasing the scale by | 


| factor 12. 
Rectangular universe y(2)=1/ 12, — ¥3 < 
3; and 0 elsewhere. 


1 


77 ¥12=0.4330 
) 


E(y2)= 2E(y2)= 


o(y2)= 20(y2) 2. y3-12=0.3354 
’ 


a) 
Normal universe f(z)=(1/ V2 ne-#2, 
ocr @. 

2(0.226761)=0.4535 


E(y,)= 2E(y2) 


o(y,) = 20(y2)= 2(0.18730)=0.3746 


The reason for using twice y., rather than y,, for 
comparison with the previous values is analogous to 
that given in section 3.2, d, (3) for using one- 
fourth rather than one-half the range The restric- 
tion to the closest pair means that the distance 
r’—z’’ cannot vary to the same extent as z,—z,, for 
its size is limited at most to half the range, while 
,—z, can take values up to the range of the sample. 
Thus it is to be expected that r’—z’’, that is, 2, 


2— 


; : t—fF ee 
is the quantity comparable to ~~; -. which in turn, 


by the argument in section 3, 3.2, d., (3), is compar- 
t3—z 
able to ~* 4 , 

are eractly true in the case of the parent ogy 
rectangular distribution, and remarkably close in 
the case of the parent unit normal. 


It turns out that these relationships 


3.3. The Statistic y; 
As for y:, the distribution of 


ir + zx” 
Ys 2 


in the general situation involves a complicated argu- 
ment, not only because of the complexity of the 
distribution function, but because of the involved 
character of the region over which the integration 
must be performed. Therefore it is not considered 
profitable to discuss the properties of y; from a gen- 
eral viewpoint, but its properties will be illustrated 
for individual universes, to show how they may be 
derived in any given case. 


a. Rectangular Universe 


We cannot use the joint df p(y2, ys) in the form 
(17), because y, cannot be integrated out of the 
region as written. It is therefore necessary to re- 
verse the order of the variables in the expression for 
the region. The result is 








4 _ 
4y3(38—7Ys), 
P(Ys) = 2(1 —2y3+ 2y3), 


4(1—y3)(7y3—4), 





~ 


hose graph is sketched in figure 3. 
For the moments we have 








al- }------ 
alu |} ------->>> 


1 1 /il 
E\ys)= 5" a (ys) 4 yy=0.2622 


a n|- be an anes ap 


\s in section 3.2, b, the rectangular distributioa to | . 

vhich these apply is the square form f(z) =1,0<2<1, | Fieure 3. Frequency function of ys for a rectangular universe. 
and 0 elsewhere. For the form with standard devia- | 

tion unity, see section 3.2, c, (4). 


b. Normal Universe 


The statistic y, takes the functional forms 


rT) + Te . 
—Fy when r,—2,; <23—22 (i.e. 73> 27.—2)) 


Lat Zz 


9 


» when 2,—2; > 43—22(i.¢. 2, <2243—75). 


As a first step in obtaining the distribution of y;, the 
joint df of x’ and 2x” is determined from that of z,, 
Ie, Zs 


Writing 
f(x),2o,29 dx dr dry=6 f(x) f(ry f(apdridrdr,, 


— e762, 573;< @ 


; ‘ _ 
where, on the right-hand side, f(z) = = ewe 
/¢ T 


have, on integrating over the above conditions, 


rgu- 
the 

Ived g(z’, x")\dx'dx” =6 [ [ fla) f(adf(addzy- dads |e 

tion J) rg>2tg—2y z)=2' 

ad = 

gen- +6 [ [ ® f(x) f(r) f(rsdx, dats Jeyae 

ated oJ 1 528g —Ty Zaz’ 


y be =6 f(z’) f(z") (1 —F(22’—2")+ F(22”—2’)| dr'dxr",— @<2"<2r'< w, (20) 


where 


form 1») = , 
lie Fiz) [i soa. 


» re- 
y for 





metimes 


a | 
+, 
t? 


a ee i Ee ee 
4 : 2223 


The desired distribution is then derived by means 
of the transformation 


le 
Ys 5 (2'+2”) 


! 
Y2= 3 (2"—=2"), 


giving 


f(y dd Ys 


Alternative derivation. The author is indebted to 
Professor J. Wolfowitz of Cornell University for 
the following interesting method of deriving the 
above result. 

The method is to take two of the three observa- 
tions (which may be done in C} ways) and express 
the fact that they are the closest two by writing the 
condition that the third is at a greater distance 
from either one than the interval between the two 
selected, 

This may be schematically shown as follows: 
REGION 


WHERE Xp 
may LIE 


REGION 
WHERE x, 
may LIE 


— 2¥2— + ye I ve “He 22 —4} 


A x" Ys x! 8 





If 2’ and 2”’ are the closest pair, then 
, z’—z"’. 
(i) Half the distance between them is y= _ 


(ii) The abscissa of the mid-point between them is 
r’+ z’’. 
Ys a. 
(iii) The condition that z’’ and z’ are the closest two 
is equivalent to the condition: 2, lies to the left 
of A or zs, lies to the right of B. 


Combining condition (iii) with the fact that, 
either from the diagram or by inverting the trans- 
formation in (i) and (ii), 2°=ys+y and 2’ =y,— yo, 
gives for the joint df of ys, ye, 


As, vd dys dye 
3 . ~§l(vgtve2)2+(v3 -“ x Sey é }.? om 


. a@ y2r 

°*@ }.? 5 

: dt) 2dy; dy2, OS yy ©, — © y,< @ 
Jatt, V2e 


The odd moments of y; vavish by symmetry. 


The even moments of y: require the evaluation 
of integrals of the type 


ao wo pute P 
ox(a, p)= [ [ f 2™e ~(at tonto?) dadydz. 


6 ro ie "© ((¥a- 302 (t'+y2+y") 
+ | | ‘ TEV dtdy.- dys, 
ry2rlJo Justine Jo Jo 





—_ o< Y3° @. 


This may be accomplished by first putting k— 0, 
differentiating * with respect to p, and obtaining 
an integral of the form 


oO . 2s - Q be 2y mm 
op ofa, P= f S. ye dydz : A , 


where Q=ke?+lry+-my, A=4km—P>0, k, m>0., 
Integrating back vields the value of (a, p). Next, 
differentiating this value with respect to ¢ gives the 
even moments of ys. 

We thus obtain the results 


E(y)=0, k odd 


» it > 
Viy)=E(y)=5+ 0.6378" 
- 4 
o(y3)=0.7986 
c. Comparisons with Other Measures of Two Observations 


Since for samples of two, ys is merely the midrange, 
m= '$(2, +22), we have the following results: " 


(1) “True duplicates” (sample size n=2) 


Rectangular universe: g(x)=1/ 12, —¥3<2< y3; 
and 0 elsewhere. 


E(y;)=0 
1 
a (Ys) =) 


Normal universe: f{(r)=(1/V2x)e-7 @,— © <ar< @. 


E(ys)=0 
lg ean 
o(¥d=5 y2=0.707 l 


" This and the other ys of the analysis in the case of multiple integrals 
may be shown to be valid by methods analogous to the usual ones for simple 


in’ ¥ 

* Acknowledgment is due G. R. Seth, who first discovered and communicated 
this value to the author after deriving it by a different method, which the author 
has found useful at other points of this paper. (See also footnote 3.) 

* As in section 3.2, d, the reference for the case of the universe is 
Wilks {6}; for the normal universe, Jones [9]. The values for the rectangular uni- 
verse are computed by finding the moments of ys for the square universe and 
then adjusting by the location and scale factors described in section 3.2, d, (1 





(2) Lowest * pair out of three (n—3) 


‘ectangular universe: ** 


E(* =?) — ¥3/4=—0.4330 


Witz 11-12 Pe 
0 ( : 5 ) \ 320 0.6423 


Vormal universe: 
l 3 
3( _-— ) —0.4231 
9 
- -\7 


E(=*) 


nte\ (1 9—-2,3\) ... 
7 ( M )-(3 - =a 0.6244 


Midrange of all three measurements, 


Ew 
5 E(x) 


1 


» 


— 


(a, +73)) 
4) 


Rectangular universe: '® 
(ata; 
E(=3 ‘) 0 


(= 


Vormal universe: 


E(*> =?) 0 


“(*5*)-(5-3) 


(4) Closest pair in samples of three 


“0.6018 


For comparison, moments of y;=(2’+.2’’)/2, the 
average of the closest pair out of three, are presented 
here, based on the moments of y; found above (secs. 
3.3, a und 3.3, b.) and also adjusted, in the case of 
the rectangular distribution, to the location and 
scale factors used several times previously. 


Rectangular universe: 
BE ( Ys) — 0 


/33 


Normal universe: 


E(y:)=0 


SO ae 
o(y)=(343°) =0.7986 


* Analogous results for the highest pair are obtainable from symmetry con- 

lerations, 

* Adjusted as already mentioned in previous sections: g(z)=1/¥12,— V3 Szs 
) /. and 0 elsewhere. 
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| 





, out 2’ and 2r’’. 


I(ys,w)= 4 
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Distribution of the outlying value in a sample of 
three from the rectangular distribution 


3.4. The Extreme Value x’”’ 


Ficure 4, 


For the rectangular distribution we obtained the 
joint density function (12) in section 3.2, a, above, 
of 2’, 2’’,2’"". This consisted of just the product of 
the individual density functions (unity for the rec- 
tangular universe), but defined over a complicated 
appearing region. Following the principles eluci- 
dated in that section, we obtain the df of 2’’’ by 
first expressing the region suitably, then integrating 
The result is given by equation (16) 
which, for the rectangular distribution, becomes, with 
2’ =w, 


p(w) 3 ( w? w+s ); O0<w<l, 


which is the parabola sketched in figure 4. 


Although considerable attention has been devoted 
to the anomalous values or outliers z, or z, (z, for 
samples of n) separately, these have not, so far as is 
known to the author, been united into a single 
statistic of the type 2’’’. Thus, (22) actually exhibits 
a distribution of an ovrtLieR as distinct from a (“one- 
end’’) extreme value x, (or 2). 

The moments of w are 


E(w)= . ’ 


1 : — 
=5 o(w)=F5 v10=0.3162 


1{ 


The joint distribution of w and y;, given without 
proof, is as follows: 


4a 
4(w—ys), ; wsys Sv, O0<wsl 


12y,, O<ms< qu, O<wsi 


4y,—Ww), w Sys p(w +3), O<w<l 





| 12(1 ya), AG +3)<y,<1, O<w<l 


This distribution may be used to obtain the correla- 


, 


. l . 
tion between 2’”’ and ys= 5 (2’+2"’), which turns 


out to be — .37689, or slightly under—3/8. This seems 





ee oe Ee ed 


to imply a slight tendency for a pair of close, small 
values in a sample of 3 from a rectangular population 
to be associated with a relatively large outlying value, 
and conversely, for close high values. 

The distribution of the extreme value z’’’ would 
also be of interest for the normal and other dis- 
tributions. Although the analytical methods neces- 


sve 


| two gaps formed by the three measurements is }; 


a satisfactory one, for high ratios between these 

| occur with surprising frequency, as indicate: 
table 2, even when all three observations come | 
the same universe. 


5. References 


sary for handling the integrals encountered could be | 


developed and extended on the basis of the procedures 
thus far given, this would not appear to be warranted 
for the purposes of this paper. 


4. Conclusion 


This paper has developed methods for deriving the 
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on some aspects of the behavior of very small samples 
encountered in experimental laboratory work. These 
statistics, designated y), yo, ys depend not solely on 


the order of the observations but also take their | 


relative closeness into account. The aim was to 
provide only the mathematical theory, for samples 


of three, and present only the more interesting results | 


and comparisons (summarized in table 1) and not 
attempt to use the results as a basis for setting up 
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